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Ca 10 Chapter 1 Linear Equations and Straight Lines

Co

Da 1.2 Linear Inequalities

Da it Sl D s} feins

In this section we study the properties of inequalities. Start with a Cartesian coor-
dinate system on the line (Fig. 1). Recall that it is possible to associate with each
point of the line a number; and conversely, with each number (positive, negative,
or zero) it is possible to associate a point on the line.

| | L | | ] I JI I[
) i, =3 g =i 0 1 2 3 4
Figure 1

Let a and b be any numbers. We say that a is less than b if a lies to the left
of b on the line. When q is less than b, we write a < b (read: a is less than b). Thus,
for example, 2 < 3, —1 < 2, —3 < —1, and 0 < 4. When a is less than b, we also
say that b is greater than a (b > a). Thus, for example, 3 > 2,2 > -1, -1 > -3,
and 4 > 0. Sometimes it is convenient to have a notation that means that a is no
larger than b. The notation used for this is @ < b (read: a is less than or equal to
b). Similarly, the notation a > b (read: a is greater than or equal to b) means that
a is no smaller than b. The symbols >, <, >, and < are called inequality signs.
It is easiest to remember the meaning of these various symbols by noting that the
symbols > and < always point toward the smaller of a and b.

An inequality expresses a relationship between the quantities on both of its EXAH
sides. This relationship is very similar to the relationship expressed by an equa-
tion. And just as some problems require solving equations, others require solving
inequalities. Our next task will be to state and illustrate the arithmetic operations
permissible in dealing with inequalities. These permissible operations form the basis
of a technique for solving the inequalities occurring in applications.

Inequality Property 1 Suppose that a < b and that c is any number. Then
a+e<b+cand a—c < b—c. In other words, the same number can be added
or subtracted from both sides of the inequality.

For example, start with the inequality 2 < 3 and add 4 to both sides to get

2+4<3+4.

That is,
b <7,
a correct inequality.

EXAMPLE 1 Solving a linear inequality Solve the inequality = + 4 > 3. That is, determine all
values of x for which the inequality holds.

Solution We proceed as we would in dealing with an equation. Isolate x on the left by

subtracting 4 from both sides, which is permissible by Inequality Property 1: EXA
r+4>3
(x+4)—4>3-4
sl

That is, the values of z for which the inequality holds are exactly those x greater
than —1. |
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12 Chapter 1 Linear Equations and Straight Lines

EXAMPLE 4

EXAMPLE 5

Solution

Solution

Next, multiply by _']F;? remembering to change the inequality sign, since =

3 3
negative:

y=—3(=22=9)

y < ét + 3.

The last inequality is in standard form. ]

Standard form of a linear inequality Find the standard form of the inequality

iz >4
Note that y does not appear in the inequality. Just as was the case in finding the
standard form of a linear equation when y does not appear, solve for z. To do this,
multiply by 2 to get

x =8
the standard form. M

Graphing Linear Inequalities Associated with every linear inequality is a set of
points in the plane, the set of all those points that satisfy the inequality. This se
of points is called the graph of the inequality.

Solution of a linear inequality Determine whether or not the given point satisfies

the inequality y > —%:r + 4.

(a) (3,4) (b) (0,0)

Qubstitute the z-coordinate of the point for z and the y-coordinate for y, and
determine if the resulting inequality is correct or not.

(a) 4> —3(3) +4 (b) 0> —%(0)+4
4>-2+4 0>0+4
4> 2 (correct) 0>4 (not correct)

Therefore, the point (3,4) satisfies the inequality and the point (0, 0) does not. W

It is easiest to determine the graph of a given inequality after it has been written
in standard form. Therefore, let us describe the graphs of each of the standard
forms. The easiest to handle are the forms ¢ > a and z < a.

A point satisfies the inequality = > a if, and only if, its z-coordinate is greater
than or equal to a. The y-coordinate can be anything. Therefore, the graph of
x > a consists of all points to the right of and on the vertical line x = a. We will
display the graph by crossing out the portion of the plane to the left of the line (see
Fig. 2). Similarly, the graph of z < a consists of the points to the left of and on the
line = a. This graph is shown in Fig. 3.

Here is a simple procedure for graphing the other two standard forms.

To graph y > mz + b or y < mx + b,

1. Draw the graph of y = ma + b.

2. Throw away, that is, “cross out,” the portion of the plane not satisfying
inequality. The graph of y = mx H b consists of all points above or on the
line. The graph of y < ma + b consists of all points below or on the line.

The graphs of the inequalities y = mz + b and y < mx + b are shown in Fig. 4
Some simple reasoning suffices to show why these graphs are correct. Draw the line

EXAMPLE 6

[ Now 1

EXAMPLE 7
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14 Chapter 1 Linear Equations and Straight Lines

EXAMPLE 8

Figure 8

Solution

Solution

2r + 3y = 15

(3,0)

+ 4r — 2y = 12
(Da _6}

Figure 6 Figure 7

First, put the inequality in standard form:

dx — 2y > 12
—2y > —dx + 12 Subtract 4z from both sides.
y<2r—=6 Divide both sides by —2.

(Note the change in the inequality sign!). Next, graph y = 2z — 6. The intercept
are (0,—6) and (3,0). Since the inequality is “y <” the graph consists of all points
below or on the line (Fig. 7).

So far, we have been concerned only with graphing single inequalities. The ne
example concerns graphing a system of inequalities. That is, it asks us to determin
all points of the plane that simultaneously satisfy all inequalities of a system.

Graphing a system of linear inequalities Graph the system of inequalities

2z + 3y = 15
dy =2y = 12
=i

The first two inequalities have already been graphed in Examples 6 and 7. Th
graph of y > 0 consists of all points above or on the z-axis. In Fig. 8, any poi
that is crossed out is not on the graph of at least one inequality. So the points tha
simultaneously satisfy all three inequalities are those in the remaining clear regi
and its border.

At first, our convention of crossing out those points not on the graph of an inequalit
(instead of shading the points on the graph) may have seemed odd. However
the real advantage of this convention becomes apparent when graphing a syste
of inequalities. Imagine trying to find the graph of the system of Example 81
the points on the graph of each inequality had been shaded. It would have bea
necessary to locate the points that had been shaded three times. This is hard ¢
do.

The graph of a system of inequalities is called a feasible set. The feasible s
associated to the system of Example 8 is a three-sided, unbounded region.
Given a specific point, we should be able to decide whether or not the poii
lies in the feasible set. The next example shows how this is done.
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16 Chapter 1 Linear Equations and Straight Lines

Practice Problems 1.2

1. Graph the inequality 3z —y > 3. 2. Graph the feasible set for the system of inequalities

lr — 4y > —4
EXERCISES 1.2
In Ezercises 1-4, state whether the inequality is true or 24, y> —z+1 y

false.
1, 2<-3 2. —2<0 3 F=T 4. 0> ;

/

In Ezercises 5-7, solve for x. \ .
5.2z-5>3 6. 3c—7<2 \
7. bz +13< -2 y=-u+1
8. Which of the following results from solving —z+1 < 3
for a? 25. >4 y
(a) z<4 (b) z<2 =
(c) x> -4 (d) 2> -2
In Ezercises 9-14, put the linear inequality into standard b
form.
9. 2z +y <5 10, —3z+y>1
11. 52— 1y <6 12. lz—y< -1 e y
13. 42 > -3 14, 2r <4
In Ezercises 15-22, determine whether or not the given GE=12
point satisfies the given inequality.
T
15. 3z + 5y < 12, (2,1) 16. —2z+y > 9, (3,15)
17. y = -2z 417, (3,0) 18. y < Lz +3, (4,6)
19. y<3x—4,(3,5) 20. y >z, (—-3,-2)
In Ezercises 27-38, graph the given inequality.
21. z =5, (7,-2) 22. 2 <7, (0,0
20 a5 2 28. y> -3z +6
In Exercises 23-26, graph the given inequality by crossing 29. 7> 9 30. >0
out (i.e., discarding) the points not satisfying the inequality. 31 _:4 % 99 49, A T f 58
N 1y - . 4T — 4y 2
a9 . 1
23, y £ 32+ 1 ¥ 33. 4z —5y+25>0 84. ly—2>2
35. lr—1y<1 36. 3y+3x<2y+z+1
y=3z +1 37. Br+ .4y <2 38. y—2r > 1y—2
x In Ezercises 39-44, graph the feasible set for the system of
tnequalities.
y<2r—4 > -1z 11
3, { /=< 4n, 4 2= 8T
y=0 x>0
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18 Chapter 1 Linear Equations and Straight Lines

(Continued)
u
=3z — 3
T
feasible
. set
o &
8 .
g >3 "
9= .], T+ 2
Figure 13 Figure 14
2. Begin by putting the linear inequalities into standard A good procedure to follow is to graph all of the lin-
form and then graphing them all on the same coor- ear equations and then cross out the regions to be
dinate system. thrown away one at a time (Fig. 14). The inequali-

ties z > 0 and y > 0 arise frequently in applications.
The first has the form = > a, where @ = 0, and the
z + 2y second has the form y > mx + b, where m = 0 and
de — 4y = —4 b = 0. To graph them, just cross out all points to
the left of the y-axis and all points below the z-axis,
respectively.

has standard form

1.3 The Intersection Point of a Pair of Lines

Suppose that we are given a pair of intersecting straight lines L and M. Let us
consider the problem of determining the coordinates of the point of intersection
S = (z,y) (see Fig. 1). We may as well assume that the equations of L and M are
~ = given in standard form. First, let us assume that both lines are in the first standard
= (z, y) form —that is, that the equations are

L: y=mx+0b, M: y=nx+c.

Since the point S is on both lines, its coordinates satisfy both equations. In partic-
Figure 1 ular, we have two expressions for its y-coordinate:

y=mz-+b=nz+c

The last equality gives an equation from which z can easily be determined. Then
the value of y can be determined as mz + b (or nx + ¢). Let us see how this works
.in a particular example.

EXAMPLE 1 Finding the point of intersection Find the point of intersection of the two lines
y=2x—3and y=a+ 1.
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2 Chapter 1 Linear Equations and Straight Lines

A Cartesian coordinate system may be used to numerically describe points on EXAMPLE 2
a line. In a similar fashion, we can construct a Cartesian coordinate system to
numerically locate points on a plane. Each point of the plane is identified by a pair
of numbers (a,b). To reach the point (a,b), begin at the origin, move a units in the
z-direction (to the right if @ is positive, to the left if a is negative), and then move
b units in the y direction (up if b is positive, down if b is negative). The numbers a
and b are called, respectively, the - and y-coordinates of the point.

Y
y-axis —
bh— o(a, b)
origin.._
T-axis
Figure 2
EXAMPLE 1 Plotting points Plnr thé .fo.l-lowiug points. i
@ 21) () (-1,3) () (-2-1) () (0,-3) B e
Soluti 3 b 1
o / A EXAMPLE 3
(2, 1) 3
Y
[ |
5 ‘ 1 @ 1
> 2 d .
(c) y (d) y i
) L = Figure 3
—11 : x
(-2, -1) -3 m
t (0, —3)
w  EXAMPLE4

In many applications one encounters equations expressing relationships between
variables « and y. To any equation in z and y one can associate a certain collection

of points in the plane. Namely, the point (a,b) belongs to the collection provided [ Now
that the equation is satisfied when we substitute a for each occurrence of x and
substitute b for each occurrence of y. This collection of points is usually a curve of EXAMPLE 5

some sort and is called the graph of the equation.
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Solution First convert the equations to standard form:

2r+3y="7
y=-2z4+7

Subtract 2z from both sides.

y=—2z+ %  Divide both sides by 3.
dz — 2y =9
—2y=—4z+9 Subtract 4z from both sides.
y=9r— 2 Divide both sides by —2.
Now equate the two expressions for y:
e S
2r—5=—57+3
0 7 5 2 1 1 i

%.’L‘ =) 3] = é Add 3L 10 both sides.

%:I-‘Z Zg-i-% Add £ to both sides.

%33 = % + %‘ — % Add fractions on right.
z=2%.-4=% Multiply both sides by 2.
y=2r—2=2 (11_]) i % Substitute value for = into second equation

t =9 - " . .
= % — % =z Perform arithmetic.
. . . 5
So the solution of the given system is x = ‘li—é, y=3-

Supply and Demand Curves The price p that a commodity sells for is relate]
to the quantity g available. Economists study two kinds of graphs that expres
relationships between ¢ and p. To describe these graphs, let us plot quantity alox
the horizontal axis and price along the vertical axis. The first graph relating
and p is called a supply curve (Fig. 2) and expresses the relationship between
and p from a manufacturer’s point of view. For every quantity g, the supply curd
specifies the price p for which the manufacturer is willing to produce the quantif
g. The greater the quantity to be supplied, the higher the price must be. So suppl
curves rise when viewed from left to right.

p p

q q
Demand curve

Supply curve

Figure 2 Figure 3 Figure 4

The second curve relating ¢ and p is called a demand curve (Fig. 3) a
expresses the relationship between ¢ and p from the consumer’s viewpoint. K
each quantity g, the demand curve gives the price p that must be charged in ord
for g units of the commodity to be sold. The greater the quantity that must|
sold, the lower the price that consumers must be asked to pay. So demand cur
fall when viewed from left to right.

Suppose the supply and demand curves for a commodity are drawn on a sing
coordinate system (Fig. 4). The intersection point (a,b) of the two curves hasi
economic significance: The quantity produced will stabilize at @ units and the pi
will be b dollars per unit.



[ 2By aoud
P ”\_ ; (!T 11|[i_|[j[ aygl .]r’ Hdi]-.'][![l,]rlf}_] :1|” [Jll!_.| ‘e ue s
195 a[qIses) ‘uopjoadsuy ol
fi + xp .\'<| g pue 7 SjuK il 91} JO S9jBUIPIOOD Y] sUlIN] g
g =1 xg SoAIN
\l ") qutod e1p) jo oq 1§
D “‘“w.__“_ Hi!_]l.’il[]l.]rbr':.] -H|‘1 |}I1_LI] ] T[i'J['liJ-_JH 55[1“ .{” }}HE{';-.]LU -_\[['l -J“.'_-'l I .{ep.IC
b+ 2h- — g __ &
| I puv ") g 'Y pajaqn) aun §3213420 inoj g1 ."-'-J:.f“)'.“”fl.f d
fi -up anauy) fo waysfis v fo 1as ajqisvaf oy smoys 4 aunbig pug |
€] swa|qo.id 1deid
) ==
[e‘e—]fig[9'c—] -9 ainbiy [e‘e—]fiq[9‘e—] - amby
L] 0iny auy o [L12] - -
= s 32@=h ¢ 5395°7=Y
{9 ‘:'F'/ng%géﬁiﬂ’f \\ /'J-t-!]:w:muz ]
7\ ,
Ill‘
2t [}
- JEE {iddy
Burssard woxy SUIYMSAI NUIT S U SUMNOI UOIJOASISIU] Y] [ITM 68-11, & Uo ¥ ‘{[
opdurexj SUrA[os Jo J[Nsal oY} SMOYS g 9INSI] “USOIIS SUWOY O} WO T A
Surssead £q uonoRy ® 03 PaIAAU0D aq wed JdodIUI-T A3 ‘SNV 01 pausdisse st jutod :‘U“"
UOT}OISIBYUL B[] JO BIBUIPIOOD-T BY} 9DUIS MUSUL DTVD 9YJ JO PUBIILIOD |09SISUI ; ;a
oIy M Sn[q F8/E8-1.I, ® U0 § a[durexy] SurAos jo 3msal a1} SMOUS ¢ aInBr] "soul] ADOTONHDIL & = ; i
: ! e o
0 ared e jo quIod UOIIDOSIDYUT OY) PUY 1R} SPURHITIO) IARY SOUITIIN JUI deir ~ === i
jo & ¥ : I 9} puy jyeys sp [ satt 8¢} D) DD DNILYHOd¥O0DINI . sl
JL 0 |l|.‘J':!'-'
I
“yun 1ad gg 10§ [[98 [[I4 31 pue peonpoid aq [[im A}powItiod At} Jo sjtun Q¢ sy, w
"OIIPUIILIR UWLIOLID ] E:Z‘f’[:d ]
uotyenba gsiyg ogur b Io] anpea anjsqng 7 (UUUQ)ZOOO A
L000° £q sapis 104 apraiqy 000¢ = “F¢ =5
"SAPIS [I10(] WOIJ g J9RIIqNG G'¢ = bL000
'sapis 1309 03 beooo” PRy GG =g+ bL000

¢'¢ + bG000"— = g + bz000"

§°¢ + bgoo0 — =d
¢z +bgooor =d

suoryenbe Ieaul] Jo UIa1SAS 91} SA[OS JSIUI IAN

‘[0S T 31 gorym ge 9o1ad ety pue paonpoxd
9q [ jery) Aypourwod ayy jo Lypwenb oy} Yjoq suILLIS GG + bgpop'— =d st
uorjenba asoym aur] JySrea)s ayy s £ypowtos aures ayy 10§ 9AIND puewLp a1) asod
-dng -(sxeqjop ut d) g+ bzopo" = d st uoryenbe osoym sur] yySrens ay7 st £JTpowTIoD
urels0 © 10 aadnd A1ddns oyj ssoddng puewsp pue Ajddns jo me| 2y} buifjddy

\z Saur 4O Jied B JO JUId UO[IAsIaU| 3Y] 7L 29§

uonn|os

S I1dNVX3




22 Chapter 1 Linear Equations and Straight Lines

EXERCISES 1.3

In Ezercises 1-6, find the point of intersection of the given

15.

y
pair of straight lines.
& {y— 2$+7 2'{y— ; 10
v= ¢ v= o r,r—%;l:+3
— 4y =2 2z — 3y =3 | e
g8 4 g 4 # g
x4+ 2y= 4 y=3 y =2z
B o B
y:éﬂ:—l 2z —3y=3 \ et S
5. N, 6. e feasible
x=12 T =6 2
set
7. Does (6,4) satisfy the following system of linear equa- A D &
SERET
tions? 160 iy
T —3y=-—56
3z — 2y =10 Al
8. Does (12, 4) satisfy the following system of linear equa- 2 + gy = 14
tions? feasible set
{,1; =3z —1
=113 w2y =24
In Ezxercises 9-12, solve the systems of linear equations. 3 +/2y - 12
2x+y="7 x4+ 2y=4
9. 10. ] ; T
x—y=3 x4 sy=3 D
11. br —2y= 1 12. 1% T 2y==6 In Ezercises 17-22, graph the feasible set for the system of
2r 4+ y=-4 e %y =4 inequalities and find the coordinates of the vertices.
In Exercises 13-16, find the coordinates of the wvertices of 2y— z<6 20 +y =10
the feasible sets. 17. x4+ 2y > 10 15. x>2
13. z<6 y>2
% z+3y <18 5z + 2y > 14
19. { 224+ y <16 20. { z+3y>8
z2>20,y=0 z=0,y=20
= feasible set dz+ y=>8 x4y < 28
=3 T =h T <10
Sinpeacatart e
A z+3y=9 3z+ y<24
A z20,y=20 z20,y20
e+3y=18p y M 2 23. Supply Curve The supply curve for a certain commodity
T is p = .0001¢q + .05.
14 y (a) What price must be offered in order for 19,500

units of the commodity to be supplied?

(b) What prices result in no units of the commodity
being supplied?
24. Demand Curve The demand curve for a certain com-
modity is p = —.001g 4+ 32.5.
(a) At what price can 31,500 units of the commodity
be sold?

(b) What quantities are so large that many units of
the commodity cannot possibly all be sold no mat-
o ter how low the price?
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24 Chapter 1 Linear Equations and Straight Lines

1.4 The Slope of a Straight Line

As we have seen, any linear equation can be put into one of the two standard forms,
y = mz+bor x = a. In this section, let us exclude linear equations whose standard
form is of the latter type. Geometrically, this means that we will consider only
nonvertical lines.

DEFINITION Given a nonvertical line L with equation y = mx -+ b. the number m
is called the slope of L. That is, the slope is the coefficient of = in the standard
form of the equation of the line.

EXAMPLE 1 Finding the slope of a line from its equation Find the slopes of the lines having
the following equations.

(a) y=2z+1 (b)y:—%:r+2 (©) =38 (d) —8z+2y=4

Solution (a) m =2.
(b) m=-3.

(c) When we write the equation in the form y = 0 -z + 3, we see that m = 0.
(d) First, we put the equation in standard form:

—8r+2y =4
2y =8x+4 Add 8z to both sides.
y :11+2 |}|\1\|1 I[||}||| ‘*’Iflf"‘\ :'I'\' 2.

Thus m = 4. il

The definition of the slope is given in terms of the standard form of the equation
of the line. Let us give an alternative definition.

DEFINITION Geometric Definition of Slope Let L be a line passing through the
points (z1,y1) and (x2,y2), where &, #* 5. Then the slope of L is given by the
formula
" Y2 — . (1)
T3 &

That is, the slope is the difference in the y-coordinates divided by the difference in
the z-coordinates, with both differences formed in the same order.
Before proving this definition equivalent to the first one given, let us show how
it can be used.
EXAMPLE 2 Finding the slope of a line from two points Find the slope of the line passing
through the points (1,3) and (4, 6).

Solution We have
__ [difference in y-coordinates] 6-3 3

m =11,

 [difference in z-coordinates] 4—1 3

. Thus m = 1. [Note that if we reverse the order of the points and use formula (1)
to compute the slope, then we get

a=0 Treg

= b
1-4 -3

m




w (p "91q) aul] oYy 0 uIngaz
09 A[redrptea syun () Surod seambar yySut o) 01 yun 1 §urod og ' = w a1 (9)

‘(g "81,4) 2UI[ 9} 0] WINJAI 0] WMOP JIUN g 03 snur om “yyS1
a1y 01 Jun 1 Surpesooxd ‘eut] a1y uo jurod Aue uroiy Suryre)s og %— = w a1 (q)
"(98ed 1xeu a1y w0 g 81,9) surl o1} 03 winge1 03 dn symun g of jenwt sm “yySu
ay3 03 jun 1 Surpesdoid ‘sull oY) uo jutod Aue woyy Suryrels og ‘g = w a1y ()

=55 z+zE—=1£ (q) I+zg=" (e)
"saul] a1} Jo yoee 10§ A110doid ssoudooys oy oyensuy] auij e yo Apadoad ssaudasyg

(‘ImOp 2A0UI oM ‘BArRSoU ST W 1 puw dn
DAOUIL M TAT[] ‘DAIYISOd ST w4 JT *B8IN00 J()) (T 'S1q) sul[ 83 03 UINISI 0} IDPIO Ul
AJ[BOTJIDA SJIUTL W SAOUL JSNUT M UAYYJ ‘JYSII 913 0F JIUN | SAOUL PUR UL A} UO
Ayi1adoud ssaudaals

utod Aue 18 1Ies om "t odo7s ARy 7 oUI] 21 J97]
: Bl 1

Ul IquInu 97} I0j uolyelaidiajul
01139093 ® )M sn sepraoid 11 sours ‘Ajredoad sssudesgs oy yjm uiSaq apy oul|
JySrexs e jo adofs a1 Jo seryiadoad juelrodur jsour o1} JO INOJ £PTLIS MOU ST 39T

W Pqunu sures a) 03 pes| odo[s Jo suonuysp om) a3 0§ ‘(1) BNULIOJ ST YOTYM

aney am ‘Ir — Tx Aq SUIpIAI(]
(tz — ex)w = Tow — Sxw = i — Cf
$9A18 suorrenba om) 9sa) Furjoriiqng

Q4+ Tow =

q+ tzw = oh

1]

sny g, g + Tw = fi w10y o) sey yoiym ‘aur] oy} jo uoryenbs ay) AJsiyes sjurod
[joq ‘sul] ayj) uo yjoq are (&f ‘er) pue (1fi‘lr) sourg (l) e|nuiio4 Jo uonedyisnf

‘adors aures o)y aA18 sjutod jo sired omy arT,

wny Boigrs BV LT
Gl 68 =T

P = w
Ure}qo 9N "W SUIULIRPp 0 sjurod
98a1[] 98N pue ‘(L— ‘T—) pue (g ‘g) Aes ‘aur] o} uo syutod I2JO OM] 3SOO0YD S 10 MON

aq 03 adofs ayj} ajemored am ‘syutod omg) asar) Juis[) 'AuUI[ Y} UO 3w
yorgm ‘(6°g) pue (T ‘7) syutod omy pue ¢ — zf = fi oury oYy Iepisuo)) (% ‘Tx) pue
(Tfi‘Tx) se wasoyp st syurod Jo ared yorym uo puadap jou seop aur] & jo ado[s ay ],

& ; *I9PI0 dUIBS dY) Ul
POULIO) 31 S8)RUIPIO0D-fi PUR ~T oY) Ul S8dUSISHIP o1} JRT[} 9INS IYBUIL 0] SI UIDUOD
juejrodut oy, -TersjewrI ST sjutod oY) JO I9PIO O, "IOMSUR JUIBS oYY ST YOI M

Gz aur yybrens e jo adojs 3y | 88

uoinjos
€ I1dNVX3
L 3nbi4
0=w
:
=
fi
aAaryedon
T T~
NG
I ~
\\
N
fi
aaryisod w
.’/,’
T —
//'
Tahft
- 4
|
7~
o
~
fi

(14
3us
Moy M
1T o
(Tl
LU M
':”EI q’
uoel
s |
04
F =g
oUIAEES
paep
I &
|
."'I. i ‘ﬂl
prepiEs
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Y

y=2r+1

!
/

/

Figure 2

EXAMPLE 4

Solution

(0.8)

Using the steepness property to graph a line Use the steepness property to draj

Figure 3 Figure 4

In the next example we introduce a new method for graphing a linear equatioi
This method relies on the steepness property and is much more efficient than findin;
two points on the line (e.g., the two intercepts).

the graph of y = %.;: =5 %

The y-intercept is (0, %), as we read from the equation. We can find another poir
on the line using the steepness property. Start at (0,2). Go 1 unit to the righ
Since the slope is %, we must move vertically % unit to return to the line. But thi
locates a second point on the line. So we draw the line through the two points. Th
entire procedure is illustrated in Fig. 5.

._.
—
L ]
po—= B2
\w
ik
T
—
Lo
2

Figure 5

EXAMPLE 5

Solution

- it is rising or falling, and how fast. Specifically, lines of positive slope rise as w

Using the steepness property to graph a line Graph the line of slope —1 whid

Figure 6

Actually, to use the steepness property to graph an equation, all that is neede
is the slope plus any point (not necessarily the y-intercept).

passes through the point (2, 2).
Start at (2,2), move 1 unit to the right and then —1 unit vertically, that is, 1 unl
down. The line through (2, 2) and the resulting point is the desired line (see Fig. |

Slope measures the steepness of a line. Namely, the slope of a line tells whethe
move from left to right. Lines of negative slope fall, and lines of zero slope sty

level. The larger the magnitude of the slope, the steeper the ascent or descen
These facts are directly implied by the steepness property (see Fig. 7).
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28 Chapter 1 Linear Equations and Straight Lines

EXAMPLE 8

EXAMPLE 9

Solution

Solution

Solution

(a) How much did the asset originally cost?

(b) What is the annual deduction for depreciation?
(c) What is the salvage value of the asset? (That is, what is the value of the
asset after 5 years?)

(a) The original cost is the value of V' at ¢ = 0, namely
V = —100,000(0) + 700,000 = 700,000.

That is, the asset originally cost $700,000.
(b) By the steepness property, each increase of 1 in ¢ causes a decrease in V of

100,000. That is, the value is decreasing by $100,000 per year. So the depreci-

ation deduction is $100,000 each year.
(c) After 5 years, the value of V' is given by

V = —100,000(5) + 700,000 = 200,000.
The salvage value is $200,000. [ |

We have seen in Example 5 how to sketch a straight line when given its slope
and one point on it. Let us now see how to find the equation of the line from this
data.

Point-Slope Formula The equation of the straight line passing through
(z1,y1) and having slope m is given by y —y; = m (x —x1).

Finding the equation of a line from its slope and a point on the line Find the
equation of the line that passes through (2,3) and has slope %

Here z; = 2, y1 = 3, and m = 3. So the equation is
y—3=1(z-2)
=5 3= %.L —1 Perform multiplication on right side.
y= %;’1-‘ +2 Add 3 to both sides. E]

Finding the equation of a line Find the equation of the line through the points
(3,1) and (6,0).

We can compute the slope from equation (1):

il [difference in y-coordinates] 1—10 1
slope| = T3 = —_— = ——,
R [difference in z-coordinates] 3 —6 3

Now we can determine the equation from the point-slope formula with (z1,y1)
(3,1) and m = —3:

y—1=—3(z—3)
y—1= —%;L‘ +1 Perform multiplication on right side.
= —é.’i’:—f— 2 Add 1 to both sides.

[Question: What would the equation be if we had chosen (z1,91) = (6,0)7]
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30 Chapter 1 Linear Equations and Straight Lines

EXAMPLE 11

Solution The slope of the graph of y = 2z — 5 is 2. By the perpendicular property, the slops
of a line perpendicular to it is —i; If a line has slope —% and passes through (1,2).

it has the equation

y..

(by the point-slope formula).

The final property of slopes gives the relationship between slopes of paralle
lines. A proof is outlined in Exercise 80.

Parallel Property

different lines have the same slope

EXAMPLE 12

Solution The slope of the line having equation y = 3 — 11 is 3. Therefore, any line paralle
to it also has slope 1‘ Thus the desired line passes through (2,0) and has slope 3,

so its equation is

y—0=1(z—2) or y=zz—

. 22 : g
/ y from selling © units of a certain

,H:,',llll,ll,u;a_'-'-: that the revenie

commodity is given by the formula y = 4x. (Revenue is

the amount of money received from the sale of the com

154 |
moadity.

1. What interpretation can be given to the slope of the

EXERCISES 1.4

In Ezercises 1-4, find the slope of the line having the gwen
equation.
4T 2. y=—4
4. Tz + 5y =10
In Ezercises 5-8, plot each pair of points, draw the straight
line between them, and find the slope.

5. (3,4), (7,9) 6. (=2,1), (3,-3)

7. (0,0), (5,4) 8. (4,17, (=2,17)

9. What is the slope of any line parallel to the y-axis?
10. Why doesn’t it make sense to talk about the slope of

the line between the two points (2,3) and (2, —1)7

In Ezercises 11-14, graph the given linear equation by be-
ginning at the y-intercept, moving 1 unit to the right and m

Perpendicular lines Find the equation of the line perpendicular to the graph of
y = 2x — 5 and passing through (1,2).

2=-3(x—1) or y=—3z+32

Parallel lines have the same slope.

Parallel lines Find the equation of the line through (2,0) and parallel to the ling
whose equation is y = 3z — 11.

s}

Conversely, if two

., they are parallel.

1

e

graph of this equation?

2. (See Example 6.) Find the coordinates of the point

of intersection of y = 42 and y = 2z 4 5000.

3. What interpretation can be given to the value of the

a-coordinate of the point found in Problem 27

units in the y-direction.

11. y=-2z+1 12, yy=dag—2

13. y =3z 14, y=—2

In Exercises 15-22, find the equation of line L.
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32 Chapter 1 Linear Equations and Straight Lines

30. Cricket Chirps Biologists have found that the number
of chirps that crickets of a certain species make per
minute is related to the temperature. The relationship
is very close to linear. At 68°F those crickets chirp
about 124 times a minute. At 80°F they chirp about
172 times a minute.

(a) Find the linear equation relating Fahrenheit tem-
perature F' and the number of chirps c.

(b) If you only count chirps for 15 seconds, how can
you quickly estimate the temperature?

31. Cost Equation Suppose that the cost of making 20 ra-
dios is $6800 and the cost of making 50 radios is $9500.

(a) Find the cost equation.
(b) What is the fixed cost?
(c) What is the marginal cost of production?
(d) Sketch the graph of the equation.
Exercises 32-34 are related.
32. Cost Equation Suppose that the total cost y of making
x coats is given by the formula y = 40z + 2400.
(a) What is the cost of making 100 coats?
(b) How many coats can be made for $36007?
(c) Find and interpret the y-intercept of the graph of
the equation.
(d) Find and interpret the slope of the graph of the
equation.

33. Revenue Equation Suppose that the total revenue y
from the sale of z coats is given by the formula y =
100z.

(a)
(b)

What is the revenue if 300 coats are sold?

How many coats must be sold to have a revenue
of $60007

Find and interpret the y-intercept of the graph of
the equation.

(c)
(d)

Find and interpret the slope of the graph of the

equation.

34. Profit Equation Consider a coat factory with the cost
and revenue equations given in Exercises 32 and 33.
(a) Find the equation giving the profit y resulting

from making and selling x coats.

(b) Find and interpret the y-intercept of the graph of
the equation.

(c) Find and interpret the z-intercept of the graph of
the equation.

(d) Find and interpret the slope of the graph of the
equation.

(e) How much profit will be made if 80 coats are sold?

(f)

How many coats must be sold to have a profit of
$60007

(g) Sketch the graph of the equation found in part (a).

35. Heating Oil An apartment complex has a storage tai

36.

37.

Find the equations of the following lines.

38.

39.
40.
41.
42,
43.
44.
45.
46.
47.

to hold its heating oil. The tank was filled on Janua
I, but no more deliveries of oil will be made until som
time in March. Let ¢t denote the number of days afi
January 1 and let y denote the number of gallons ¢
fuel oil in the tank. Current records show that y and
will be related by the equation y = 30,000 — 400¢.

(a) Graph the equation y = 30,000 — 400¢.
(b)
()
(d)

How much oil will be in the tank on February |
How much oil will be in the tank on February 1§

Determine the y-intercept of the graph. Explai
its significance.

(e) Determine the t-intercept of the graph. Explai
its significance.
Cash Reserves A corporation receives payment for
large contract on July 1, bringing its cash reserves i
$2.3 million. Let y denote its cash reserves (in millions
t days after July 1. The corporation’s accountants e
timate that y and t will be related by the equatio
y=2.3— .15t
(a)

(b)

Graph the equation y = 2.3 — .15¢.

How much cash does the corporation have on th
morning of July 167

(c)

Determine the y-intercept of the graph. Explai
its significance.

(d)

Determine the t-intercept of the graph. Explail
its significance.
(e)
(f)
Weekly Pay A furniture salesperson earns $220 a weel

plus 10% commission on her sales. Let x denote he
sales and y her income for a week.

Determine the cash reserves on July 4.

When will the cash reserves be $.8 million?

(a) Express y in terms of z.
(b) Determine her week’s income if she sells $2000 i
merchandise that week.

(c¢) How much must she sell in a week in order to eam
$5407

Slope is —EL; y-intercept is (0,0)
Slope is 3; y-intercept is (0, —1)
Slope is —%; (6,—2) on line
Slope is 1; (1,2) on line

Slope is 3; (2, —3) on line

Slope is —7; (5,0) on line

Slope is —2;

51

(0,5) on line
Slope is 0; (7,4) on line
(5,—3) and (-1, 3) on line
(2,1) and (4,2) on line
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69.

70.

Tk

72.

73.

74.

76.

Chapter 1 Linear Equations and Straight Lines

increases linearly during that time, find the equation
that relates the number of jobs, y, to the number of
years after 2006, x. Use the equation to predict the
number of home health aid jobs in 2012.

Bachelor Degrees in Business According to the U.S. Na-
tional Center of Educational Statistics, 249,165 bach-
elor degrees in business were awarded in 1991 and
318,042 were awarded in 2006. If the number of bache-
lor degrees in business continues to grow linearly, how
many bachelor degrees in business will be awarded in
20117

Pizza Stores According to the Pizza Marketing Quar-
terly, the number of U.S. Domino’s Pizza stores grew
from 4818 in 2001 to 5143 in 2006. If the number of
stores continues to grow linearly, when will there be
6000 stores?

Super Bowl Commercials The average cost of a 30-
second advertising slot during the Super Bowl in-
creased linearly from $2.4 million in 2005 to $2.7 mil-
lion in 2008. Find the equation that relates the cost
(in millions of dollars) of a 30-second slot, y, to the
number of years after 2000, . What was the average
cost in 20077

Write an inequality whose graph consists of the points
on or below the straight line passing through the two
points (2,5) and (4,9).

Write an inequality whose graph consists of the points
on or above the line with slope 4 and y-intercept (0, 3).

Find a system of inequalities having the feasible set in
Fig. 10.

(2, 8)
feasible
set

Figure 10

. Find a system of inequalities having the feasible set in

Fig. 11.

)

feasible
sef

(0, 4) G2ed)

(4, 1)

TI N B
(o, U)+ /z AN
Figure 11

Show that the points (1,3), (2,4), and (3, —1) are not
on the same line.

7.

78.

79.

80.

81.

82.

83.

For what value of & will the three points (1,5), (2,7l
and (3, k) be on the same line?
Find the value of a for which the line through the point
(a,1) and (2,—3.1) is parallel to the line through tl
points (—1,0) and (3.8,2.4).
Rework Exercise 78, where the word “parallel” is 1s
placed by the word “perpendicular.”
Prove the parallel property. [Hint: If y = mx + b aul
y = m'z + b’ are the equations of two lines, then tl
two lines have a point in common if and only if tli
equation mz 4+ b= m'z + b has a solution z.]
Prove the perpendicular property. [Hint: Without lod
of generality, assume that both lines pass through th
origin. Use the point-slope formula, the Pythagores
theorem, and Fig. 12.]
Y
Ly I

i
my

Tia

b

Figure 12

Temperature Conversion PE Figure 13 gives the conve
sion of temperatures from Centigrade to Fahrenhe
What is the Fahrenheit equivalent of 30°C?

(a) 85°F (b) 86°F (c) 87°F
(d) 88°F

(e) 89°F

212

Fahrenheit

32

0] J
Centigrade

Figure 13
Shipping Costs PE Figure 14 gives the cost of shippi
a package from coast to coast. What is the cost
shipping a 20-pound package?
(a) $15.00 (b) $15.50
(d) $16.50 (e) $17.00

(c) $16.00

b

38 el Lok

il

P 1

Cost g [

|4 '—., . l

8 |

ol 60
Weight
in pounds

Figure 14
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36 Chapter 1 Linear Equations and Straight Lines

1.5 The Met_hod_of__Lea_st_Squgreg_ _ et b e ippirhiobd e

Figure 1. Fitting a line to
data points.

Modern people compile graphs of literally thousands of different quantities: the
purchasing value of the dollar as a function of time; the pressure of a fixed volume
of air as a function of temperature; the average income of people as a function of
their years of formal education; or the incidence of strokes as a function of blood
pressure. The observed points on such graphs tend to be irregularly distributed due
to the complicated nature of the phenomena underlying them as well as to errors
made in observation (for example, a given procedure for measuring average income
may not count certain groups). In spite of the imperfect nature of the data, we
are often faced with the problem of making assessments and predictions based on
them. Roughly speaking, this problem amounts to filtering the sources of errors
in the data and isolating the basic underlying trend. Frequently, on the basis of
a suspicion or a working hypothesis, we may suspect that the underlying trend is
linear—that is, the data should lie on a straight line. But which straight line? This
is the problem that the method of least squares attempts to answer. To be more
specific, let us consider the following problem:

Problem Given observed data points (z1,1), (T2:92)s -+ (zn,yn) in the
plane, find the straight line that “best” fits these points.

In order to completely understand the statement of the problem being consid-
ered, we must define what it means for a line to “best” fit a set of points. If (z, vi)
is one of our observed points, then we will measure how far it is from a given line
y = ax + b by the vertical distance, E;, from the point to the line. (See Fig. 1.)

y=ar+b

Statisticians prefer to work with the square of the vertical distance E;. The total
error in approximating the data points (z1,71), ---» (N, yn) by the line y = az +1
is usually measured by the sum E of the squares of the vertical distances from the
points to the line,

E=E*+E}+---+E%.

'E is called the least-squares error of the observed points with respect to the
line. If all the observed points lie on the line y = az + b, then all the E; are zer
and the error E is zero. If a given observed point is far away from the line, the
corresponding E? is large and hence makes a large contribution to the error E.
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38 Chapter 1 Linear Equations and Straight Lines
EXAMPLE 2 Finding the least-squares line Find the least-squares line for the data points o
Example 1.

Solution The sums are calculated in Table 2 and then used to determine the values of m and
b.

TABLE 2
1i Yy Ty r?
1 6 6 1
4 5 20 16
6 14 84 36
Nom=11 Y =25 Y xy =110 =58
J+110—11-25 55
= — =145
i
e 26 == 11 = 38-25—55-11 e ﬁ ~ 3.03

38-3 i T

(4]

Therefore, the equation of the least-squares line is y = 3—;3, + % With this line,
the least-squares error can be shown to be about 22.13.

Obtaining the Least-Squares Line with Technology Least-squares lines can b
obtained with graphing calculators and spreadsheets. For instance, on the TI-83 /84
Plus graphing calculator screens in Fig. 3, the data points are entered into lists, the
least-squares line is calculated with the item LinReg(ax + b) of the STAT/CALC
menu, and the data points and line are plotted with [STAT PLOT] and [craPH]. O
the TI-89, the least-squares line is calculated with the LinReg command found ii
the MATH /Statistics/Regressions menu. The end of this section and Appendix I
contain the details for obtaining least-squares lines with these calculators.

o iz k2 21 Linkes
; N 31447368421
'a= - I "-I‘I
S .| b=3.026315723
L2y =

Figure 3. Obtaining a least-squares line with a TI-83/84 Plus.

Spreadsheet programs, such as Excel, have special functions that calculate the
slope and y-intercept of the least-squares line for a collection of data points. In
- Fig. 4 the least-squares line of Example 2 is calculated and graphed in Excel. The
| end of this section shows how to obtain the graph in Fig. 4.

The next example obtains a least-squares line and uses the line to make pro-
jections.
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4 Chapter 1 Linear Equations and Straight Lines

Solution

EXAMPLE 6

Solution

) Yy

: ‘.a' =3
| III__I_JJII' ; | #
1 | g ) B 1 1 e :
Ak 1. a
+ |
s ?
={ | !r —cp
Figure 4 Figure 5

The z-coordinate of any point on the graph must be a. Reasoning as in Exampl

4, the graph is a vertical line a units away from the y-axis (Fig. 5). (Of course, if
is negative, then the line lies to the left of the y-axis.) =

The equations in Examples 2 to 5 are all special cases of the general equation

ex+idy=e,

corresponding to particular choices of the constants ¢, d, and e. Any such equation

is called a linear equation in general form (in the two variables x and y). A
linear equation also can be put into standard form.

DEFINITION The standard form of a linear equation is obtained by solving for
y if y appears and for x if y does not appear. In the former case the standard

form looks like

1y mx + b (1, b constants|.

whereas in the latter it looks like

1 |a constant).

Standard form of a linear equation Find the standard form of the following eque-
tions.

(a) 8z—4y=4 (b) 22+3y=3 (e) 2a:=6

(a) Since y appears, we obtain the standard form by solving for y in terms of
8r —4dy =4
—Ciy = —8z 4+ 4 Subtract 8z from both sides.
‘{,J:2‘I‘—I |J:\'E|]I|' i;:_l.‘ji_ -.E_l]t,\ by E.
Thus the standard form of 8z — 4y = 4 is y = 2z — 1 —that is, y = max +|
withm =2, b= —1.
(b) Again y occurs, so we solve for y:
204+ 3y =3
3y=—2x+3 Subtract 2z from both sides.

y=—2z+1 Divide both sides by 3.

So the standard form is y = —(2/3)z + 1. Here m = —2/3 and b = 1.

EXAMPLE 7

Figure 6

EXAMPLE 8




Chapter 1 Linear Equations and Straight Lines

Y1=.26290+E. 5718

Hrw""'r/

w=r ¥Y=B.1iz1

PPy

T

Tntersection
n=B 44yEE78E Y=8

rm: r
s

Lziyo=

Figure 5

LinReg
g=ax+th

a=
b=1.666666667

Figure 6

el

S

Figure 7

= .3629

e 5-66.605 — 10 - 31.488  18.145
' 5-30 — 102 50
31.488 — .3629 - 10
b= = 5.5718

5
Therefore, the least-squares line is y = .3629x + 5.5718.
(b) The year 2009 corresponds to 2 = 7. The value of y is
y = .3629(7) + 5.5718 = 8.1121.
Therefore, an estimate of per capita health care expenditures in the year 200!
is $8112.10.
(c) Set the value of y equal to 9 and solve for x.

9 = .3629x + 5.5718

9 — 5.5718
r=—— =945
.3629
Rounding up, expenditures are projected to reach $9000 ten years after 2002
that is, in the year 2012. |

Obtaining the Least-Squares Line with a Graphing Calculator The following
steps show how to use a TI-83/84 Plus calculator to find the straight line tha
minimizes the least-squares error for the points (1,4), (2,5), and (3,8). (See Ap-
pendix D for the corresponding steps with the TI-89 calculator.)

sTAT| 1 to obtain a table used for entering the data.
2. If there are no data in columns labeled L; and Lo, proceed to step 4.

3. Move the cursor up to Ly and press |CLEAR| |ENTER| to delete all data in Ly’
column. Move the cursor right and up to Lo and press |CLEAR| |[ENTER| to delete

all data in Ls’s column.

4. If necessary, move the cursor left to the first blank row of the L; column. Press
1 [EnTER| 2 [ENTER] 3 [ENTER] to place the z-coordinates of the three points into
the L; column.

5. Move the cursor right to the Lo column and press 4 [ENTER| 5 [ENTER| 8 [ENTER
to place the y-coordinates of the three points into the Ly column. The screen
should now appear as in Fig. 5.

6. Press E and press the number for LinReg(ax + b).

7. Press [ENTER] The screen should now appear as in Fig. 6. The least-squares
line is y = 2z + 2 (Note: % ~ 1.666666667.)

8. If desired, the linear function can be assigned to ¥; with the following steps:

(a) Press CLEAR| to erase the current expression in ¥;.
(b) Press [vars] 5 [»][»] and the number for RegEQ to assign the linear function
to ¥;.

9. The original points can be easily plotted along with the least-squares line
Assume that the linear function has been assigned to ¥, that all other func
tions have been cleared or deselected, and that the window has been set to
[—4,4] by [-4,9]. Press [2nd] [sTAT PLOT] [ENTER] [ENTER] [GRAPH] to See the dis-
play in Fig. 7. (Note 1: To turn off the point-plotting feature, press [STAT
PLOT] [ENTER] [B] [ENTER]. Note 2: The point-plotting feature can be toggled
from the ¥= editor by moving the cursor to the word "Plot1™ on the top lin

and pressing [ENTER].)

1. Can a vertic

EXERCISES 1.5

1. Suppose the li
points in Tabl
the least-squa

Data
Point
(1,3)
(2,6)
(3,11}
(4,12)

2. Suppose the |
data points in
mine the least

TABLE
Data
Point
(L 1)
(2,7)
(3,5)
(4,5)

2 4Excel 2007" refers
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42 Chapter 1 Linear Equations and Straight Lines
4. Find the least-squares error E for the least-squares line 10. Consider the data points (1,5), (2,7), (3,6), and =483 College Grady
fit to the five points in Fig. 9. (4,10). Find the straight line that provides the best of persons 25
- least-squares fit to these data. Or More vear:
il : E Since Erercises 11-16 use real data, they are best answerel (2) {. \{ 1»h“
L S g with a graphing calculator or spreadshect. Biraight
N e ; (b) Estimate
- \;ri i i ﬁ : 11. Lung Cancer and Smoking The following table® gives ths i
M I SRS crude male death rate for lung cancer in 1950 and th (c) ”‘_}"" e
o i \\:\ » per capita consumption of cigarettes in 1930 in various () conti
1 A g countries.
i .
24_ o 3 g N . e i
fl-— Pob K\ Btk Cigarette Lung
' O L £ 3 Consumption Cancer Deaths
1' _ Ig 3 |1 é W Country (per Capita) (per Million Males)
Figure 9 Norway 250 95
5. Complete Table 8 and find the values of m and b for Sweden 300 120
the straight line that provides the best least-squares fit Denmark 350 165
to the data. swalis 477
e 4y 170 14. College Enrollr
TABLE 8 ment (in mill
v " vy 2 (a) Use the method of least-squares to obtain th States” for cer
- ' straight line that best fits these data.
1 T
9 6 (b) In 1930 the per capita cigarette consumption i
’ Finland was 1100. Use the straight line found i
3 4 part (a) to estimate the male lung cancer deall
4 3 rate in Finland in 1950.
T ey 2
_Zm B Xy 2Ty = > 12. Cost and Usage of Fuel The accompanying table show
: X ; . the 1999 price of a gall in U.S. dollars) of fuel an
6. Complete Table 9 and find the values of m and b for a0y p_”“ S Or_l i " a?ﬁ} . _ .
3 A ; d the average miles driven per automobile for severd
the straight line that provides the best least-squares fit erelidag
to the data. i
TABLE 9 Price Average Miles (a) Use the p
s Country per Gallon per Automobile o .
" y Ty 2 . straight I
, 9 France $4.01 9090 (b) Estimate t
9 4 Germany $3.78 7752 (c) 1 the treni
3 - Japan $3.65 6009 (a) contim
;1 9 Sweden $4.22 9339 million?
: '19 United Kingdom  $5.13 10,680 15. Life Expectancy
'{_ 4 2 - ) life expectancy
o= = It =
2 2y 2.7y > (a) Find the straight line that provides the best lead Ot

7. Consider the data points (1,2), (2,5), and (3,11). Find squares fit to these data.

the straight line that provides the best least-squares fit (b) In 1999, the price of gas in Canada was $2.04 pi
to these data. gallon. Use the straight line of part (a) to @

timate the average number of miles automobil

8. Consider the data points (1,8), (2,4), and (4, 3). Find ¢
were driven in Canada.

the straight line that provides the best least-squares fit

to these data. (c) In 1999 the average miles driven in the Units

9. Consider the data points (1,9), (2,8), (3,6), and (4, 3). States was 11,868. Use the straight line of pa
Find the straight line that provides the best least- (a) to estimate the 1999 price of a gallon of gas (a) Find ‘h"""";
squares fit to these data. line in the United States. squares fit |

*U.8. Bureau of the C

3These data were obtained from Smoking and Health, Report of the Advisory Committee to the Surgeon General of the Public Heall
Service, U.S. Department of Health, Education, and Welfare, Washington, D.C., Public Health Service Publication No. 1103, p. 11 S1.S. Dept. of Educat

4(.S. Department of Transportation, Federal Highway Administration, Highway Statistics, 2000. 7J. Bradford DeLong (
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18.

Chapter 1 Linear Equations and Straight Lines
(a) Use the method of least squares to obtain the
straight line that best fits these data.

(b) Estimate the average price of a pound of potato
chips in January 1999.

(c) If this trend continues, when will the average price
of a pound of potato chips be $3.857

Greenhouse Gases Although greenhouse gases are es-
sential to maintaining the temperature of the Earth, an
excess of greenhouse gases can raise the temperature to
dangerous levels. One of the most threatening green-

house gases is carbon dioxide (CO3z). The Mauna Loa
atmospheric CO2z measurements constitute the longest
continuous record of atmospheric CO», concentrations
available in the world. The following table shows the
concentration of CO; (in parts per million) at Mauna
Loa, Hawaii for three years.

No. The word “distance” implies a nonnegative num-
ber. It is the absolute value of the difference be-
tween the y-coordinate of the data point and the y-

coordinate of the point on the line.

CHAPTER SUMMARY

Cartesian coordinate systems associate a number with
each point of a line and associate a pair of numbers
with each point of a plane.

['he collection of points in the plane that satisfy the
linear equation ax + by ¢ (where a and b are not
both zero) lies on a straight line, After this equation
is put into one of the standard forms y =mz 4+ b or
» = a, the graph can be easily drawn.

Th

unchanged when a number is added to or subtracted

direction of the inequality sign in an inequality is

from both sides of the inequality, or when both sides
of the inequality are multiplied by the same positive
number. The direction of the inequality sign is reversed
when both sides of the inequality are multiplied by the
same negative number.

The collection of points in the plane that satisfy the
linear inequality ax + by < ¢ or az + by > ¢ consists of

all points on and to one side of the graph of the corre-

sponding linear equation. After this inequality is put

into standard form, the graph can be easily pictured

by crossing out the half-plane consisting of the points
that do not satisfy the inequality.

The feasible set of a system of linear inequalities (that

19.

10.

Year CO:z (ppm) 11. The method «
1958 315 gives the best
1983 349 t_lml the -m.n

from the poin
2008

384

(a) Use the method of least squares to obtain fl
straight line that best fits these data. (Let z =
correspond to 1958.)

Estimate the concentration of COz in the yei REVI EW 0
2000.

1. How do you d

(¢)

If the trend continues, in what year will the cu
centration of COa2 reach 398 ppm.

plane?
2. What is
and y?
3. What is the
and y?
4. What is the
and y?

mea
Find the best least-squares fit to the points (5,4) a
(7,3). Show that it is the straight line through the ty
points.

5. What is the y
y-intercept fre
6. What is the 2
r-interce Pt fre

The vertical distance will be zero when the point ae
tually lies on the least-squares line.

7. Give a metho

8. State the ine

tion, and mult

9. What are the

inequality in 2

10.

Explain how t

is, the collection of points that satisty all the inequé
ities) is best obtained by crossing out the points 1

satisfied by each inequality.

KEY FORM

Equation of line wi

The point of intersection of a pair of lines can be ¢
tained by first converting the equations to standa
form and then either equating the two expressions |
y or substituting the value of x from the form =
into the other equation.

The slope of the line ¥ = max + b is the numb
the
the y-coordinates and the difference between the

Equation of line wi

also ratio of the difference betws

s b 18

coordinates of any pair of points on the line.

The steepness property states that if we start at afsuopPe OFling passis

point on a line of slope m and move 1 unit to the righ
then we must move m units vertically to return to fl
line.

The point-slope formula states that the line of slolietim and n be sl
m passing through the point (z1,y1) has the equati

H— =

T'wo nonvertical lines are parallel if, and only if, th

mix — x1).

3 e ; : Let m and n be sl
have the same slope. T'wo nonvertical lines are perpa

dicular if, and only if, the product of their slopes is
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SUPPLEMENTARY EXERCISES

Chapter 1 Linear Equations and Straight Lines

f- Ll |<|1|:|!i::]| 01 Ul 1
2. Graph the linear equation y =2,
3. Find the point of intersection of the
line a1y 6 and 3x .

» of the line having equation 3r — 4y = 8.

5. Find the e of the line having y-intercept (0.5)
ind z-interc 0
6. Graph the lineax EIII';!I'..l ity @« — 3y = 12

point (1,2) satisfy the linea

point of intersection of the pair of straight
d o+ '..i'l.'..' 1458

equation of the straight line passing through

) and parallel to the line 2z — 10y = 7.

—coordinate

the linea mequality y < 6.

of lineax

the following systen

equatlons:

15. Find intercey

9) and having sl

POt
local movi

; on the amount of time required fo

charged by a

16. Cost of Moving The fe

COTnP:

hours are required, then the fee is

Give an interpretation of the

Mol
pt of this line

18. Write an equation of the line with z-intercept (3.0)
nd y-intercept (0, —2).

19. PE If = + Ty = 30 and 2y, then y equals
(a) > (b) 12 (c) 30/9 (d) 6 (e) —6

20. graph is the half-plane be

y-intercept (0.

graph is the half-plane

1) and (6. R8.6).

r equations

P
24

29.

the equation ol the lin

ion point of the lines y

Find ‘all numbers z such that 2z 4+ 3(x — 2) > 0.

1 Intercepts.

» graphs of the linear equations 2

). ;||_|!| i P et | | cOntaln a comimon po

3x + 2y = 4 are perpendicular.

(B), (C

Each of the h: ), and (D)

lf-planes (A),

f one of the linear inequ

1alities (a), |

(d). Match each half-plane with its inequality.

30.

(C) . i.

2.

(])}' LY

The

Each of the
of one of ti

of the

follow

Figure 1

(a) 4z +y

(c) 2z 1+ 3y
Find a systen
I'.i_‘.[\. 2 .1:|-] fin

tex. [Hint: T

Figure 2

Consider the {

One is the eq
the equation o
tions and then
clurves,

Find the vertic

Americar

rfres)
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48 Chapter 1 Linear Equations and Straight Lines

39. Find a system of linear inequalities having the feasible
set of Fig. 3.

Figure 3

40. Find a system of linear inequalities having the feasible
set of Fig. 4.

(’\“')\_m 2)
iy |_\ (4, 0)

= T T~ T
—feasible \

set

(0, —3)

Figure 4

41. Medical Assistant Jobs According to the U.S. Depart-
ment of Labor, medical assistant jobs are expected to
increase from 417,000 in 2006 to 565,000 in 2016. As-
suming that the number of medical assistant jobs in-
creases linearly during that time, find the equation that
relates the number of jobs, y, to the number of years
after 2006, . Use the equation to predict the number
of medical assistant jobs in 2012.

Bachelor Degrees in Education According fo the
U.S. National Center of Educational Statistics, 110,807
bachelor degrees in education were awarded in 1991
and 107,238 were awarded in 2006. If the number of
bachelor degrees in education continues to decline lin-
early, how many bachelor degrees in education will be
awarded in 20107

. Soft Drinks According to Beverage Digest, Coke Clas-
sic’s percentage of the soft drink market declined from
20.4 in 2000 to 17.2 in 2007. If the percentage declined
linearly during that time, estimate Coke Classic’s per-
centage of the soft drink market in 2005.

44. Life Expectancy The following table gives the 2008 life
expectancy at birth for several countries.”

21J.8. Bureau of the Census, International Database.

45.

46.

5 The American Freshman: National Norms; American Council on Education, University of California—Los Angeles.

18, 8. Reddy et al., “Nutrition and Its Relationship to Cancer.” Advances in Cancer Research 32:237, 1980.

Male Female
Portugal 4.8 81.5
United States 75.3 81.1
Australia 77.9 83.8
Japan 8.7 85.6

(a) Use the method of least squares to obtain th
straight line that best fits these data.

In Norway the life expectancy of men is 77.2 years
Use the least-squares line from (a) to estimate the

(b)

life expectancy for women.
In France the life expectancy for women is 841
years. Use the least-squares line from (a) to
mate the life expectancy for men.

(¢)

Prospective Nurses Students entering college in 2007 ex]

pressed the greatest interest in nursing careers in maiy

years. The following table gives the percent of cok

lege freshmen in 2003 through 2007 who said that thei

probable career choice would be in nursing.”

(a) Use the method of least squares to obtain the
straight line that best fits these data. (Let z =
represent 2000.)

(b) Estimate the percentage of students who entered
college in 2009 whose probable career was in nus
ing.

If the trend continues, when will 5.4% of freshmes
have nursing as their probable career choice?

Year Percent
2003 3.5
2004 3.9
2005 4.0
2006 4.1
2007 4.3

Cancer and Diet The following table® gives the (age
adjusted) death rate per 100,000 women from breas|
cancer and the daily dietary fat intake (in grams pé
day) for various countries.

Country Fat Intake Death Rate
Japan 41 4
Poland 90 10
Finland 118 13
United States 148 21

(a) Use the method of least squares to obtain th
straight line that best fits these data.
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6 Chapter 1 Linear Equations and Straight Lines

(d) What economic interpretation can be given to the y-intercept of the graph? EXERCISE

Solution (a) The y-intercept is (0, 25,000). To find the z-intercept, set y = 0 and solve for In Ezercises

. 1. (2,3)
0 = 25,000 — 400z Set y = 0. 3. (0,-2)
400z = 25,000 Add 400z to both sides. 5. (-2,1)
=625 Divide both sides by 400. 7. (—20,40,
ELUBIVTL0 N ; 3 L i ; 9. P2 InF
The z-intercept is (62.5,0). The graph of the linear equation is sketched in S
¥ Fig. 7. Note how the value decreases as the age of the van increases. The value (a) (5.3
(8, 25,000) of the van reaches 0 after 62.5 months. Note also that we have sketched only (d) (3,-
, the portion of the graph that has physical meaning, namely the portion for
= between 0 and 62.5.
g (b) After 5 years (or 60 months), the value of the van is
N\ S y = 25,000 — 400(60) = 25,000 — 24,000 = 1000.
o r (months)
: PSR Since the useful life of the van is 5 years, this value represents the salvage value
Figure 7 of the van.
(c) Set the value of y to 15,000 and solve for z. ——
15,000 = 25,000 — 400z Set y = 15,000. B
400z + 15,000 = 25,000 Add 400z to both sides.
400z = 10,000 Subtract 15,000 from both sides.
=25 Divide both sides by 400.
The value of the van will be $15,000 after 25 months. Figure 8
(d) The y-intercept corresponds to the value of the van at z = 0 months, that is, B
| Now Try Exercise 41 the initial value of the van, $25,000. m 10. PE InFig
(a) (-4,
- — - (d) (-8,
INCORPORATING G Appendices B and D show how to obtain a graph of a linear equation of the
= TECHNOLOGY form y = ma + b, find coordinates of points on the line, and determine intercepts.
Vertical lines can be drawn on a TI-83/84 Plus with the Vertical command from
the DRAW menu. To draw the vertical line z = k, go to the home screen, press |2nd| P
[DRAW] 4 to display the word Vertical, type in the value of k, and press [ENTER] :
With the TI-89, the vertical line z = k can be drawn by entering LineVert k into
the home screen. (The word LineVert either can be typed into the entry line or
selected from the CATALOG menu.) = _H_i_|_
Practice Problems 1.1
1. Plot the point (500, 200). 3. Graph the linear equation 5z + y = 10.
2. Is the point (4, —7) on the graph of the linear equa- 4. Graph the straight line y = 3z. Figure 9
tion 2x — 3y = 17 Is the point (5,3)7

In Ezercises 1)
of the equation

i d
1GC is an abbreviation for “Graphing Calculator.” Throughout this text we discuss specifics of 11. (1,3) &

using TI-83/84 Plus and TI-89 calculators. Additional details are provided in Appendices BandD. = = -
For the specifics of using other calculators, consult the guidebook that comes with the calculator, 2 Exercises denot)
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Chapter 1 Linear Equations and Straight Lines

Which of the following equations is graphed in Fig. 117

(a) z+y=3 (b)y=z-1 () 2y=z+3
Y
L
//
I
Figure 11

Heating Water The temperature of water in a heating

tea kettle rises according to the equation y = 30z + 72,

where y is the temperature (in degrees Fahrenheit) x

minutes after the kettle was put on the burner.

(a) What physical interpretation can be given to the
y-intercept of the graph?

(b) What will the temperature of the water be after 3
minutes?

(c) After how many minutes will the water be at its
boiling point of 212°7

Deforestation The amount of tropical rainforest area in
Central America has been decreasing steadily in recent
years. The amount y (in thousands of square miles)
x years after 1969 is estimated by the linear equation
y=(—%)ax +130.

(a) Sketch the graph of this linear equation.

(b) What interpretation can
y-intercept of the graph?

be given to the

(c¢) When were there 80,000 square miles of tropical
rain forests?

(d) Approximately how large was the tropical rainfor-
est in the year 20077

Cigarette Consumption The worldwide consumption of
cigarettes has been increasing steadily in recent years.
The number of trillions of cigarettes, y, purchased z
years after 1960, is estimated by the linear equation
y = 075z + 2.5.

(a) Sketch the graph of this linear equation.

(b) What interpretation can be given to the y-
intercept of the graph?

(c) When were there 4 trillion cigarettes sold?

(d) If this trend continues, how many cigarettes will
be sold in the year 20207

Ecotourism Income In a certain developing country, eco-

tourism income has been increasing in recent years.

The income y (in thousands of dollars) x years after

2000 can be modeled by y = 1.15z + 14.

43.

44.

45.

46.

47.

48.

49,
50.

(a) Sketch the graph of this linear equation.

(b) What interpretation can be given to the y-
intercept of this graph?

(¢) When was there $20,000 in ecotourism income?

(d) If this trend continues, how much ecotourism in-
come will there be in 20167

Insurance Rates Yearly car insurance rates have been
increasing steadily in the last few years. The rate y
(in dollars) for a small car = years after 1997 can be
modeled by y = 60x + 678.

(a) Sketch the graph of this linear equation.

(b) What interpretation can be given to the y-
intercept of this graph?

(¢) What was the yearly rate in 20007

(d) If this trend continues, when will the yearly rate
be $15787

College Freshmen The percent of college freshmen who

enter college intending to major in general biology has

increased steadily in recent years.> The percent, y, who

entered college x years after 2000 intending to major in

general biology is approximated by the linear equation

y = .15z + 3.85.

(a) What interpretation can be given to the y-
intercept of the graph of the equation?

(b) Approximately what percent of college freshmen
entering in 2005 intended to major in general bi-
ology?

(c) In what year did approximately 4.9% of entering
college freshmen intend to major in general biol-
ogy?

College Freshmen The percent of college freshmen who

smoke has decreased steadily in recent years®. The per-

cent, y, who smoked « years after 2000 is approximated
7 g I 26

by the linear equation y = —(%2)z + 10.

(a) What interpretation can be given to the y-
intercept of the graph of the equation?

(b) Approximately what percent of college freshmen
smoked in 20057

(c) In what year did approximately 4.8% of college
freshmen smoke?

Find an equation of the line having z-intercept (16,0)
and y-intercept (0, 8).

Find an equation of the line having z-intercept (.6,0)
and y-intercept (0, .9).

Find an equation of the line having y-intercept (0,5)
and z-intercept (4, 0).

What is the equation of the z-axis?

Can a line have more than one z-intercept?

3The American Freshman: National Norms; American Council on Education, University of California-Los Angeles.
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