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1.1 Solving Problems by Inductive Reasoning & 3

Now consider the following list of natural numbers: 2, 9, 16, 23, 30. What is the
next number of this list? What is the pattern? After studying the numbers, we might
seethat2 + 7 =9,and 9 + 7 = 16. Do we add 16 and 7 to get 23? Do we add 23 and
7 to get 307 Yes; any number in the given list can be found by adding 7 to the preced-
ing number, so the next number in the list should be 30 + 7 = 37.

We set out to find the “next number” by reasoning from observation of the num-
bers in the list. We may have jumped from these observations to the general statement
that any number in the list is 7 more than the preceding number. This is an example of
inductive reasoning.

By using inductive reasoning, we concluded that 37 was the next number in the
list. But this is wrong. We’ve been tricked into drawing an incorrect conclusion. The
person making up the list has another answer in mind. The list of numbers

2,9,16,23,30

actually gives the dates of Mondays in June if June 1 falls on a Sunday. The next
Monday after June 30 is July 7. With this pattern, the list continues as

2,9,16,23,30,7, 14,21, 28, ....

See the calendar in Figure 1. The process used to obtain the rule “add 77 in the pre-
ceding list reveals one main flaw of inductive reasoning. We can never be sure that
what is true in a specific case will be true in general. Inductive reasoning does not
guarantee a true result, but it does provide a means of making a conjecture.

Throughout this book, we use exponents to represent repeated multiplication. For
example, in the expression 4° the exponent is 3:

43 =4 -4 -4 =64 & ig used as a factor 3 times

Exponeﬁtial Expression

If @ is a number and n is a counting number (1, 2, 3, . . . ), then the exponential
expression a” is defined as

The number a is the base and 7 is the exponent.

With deductive reasoning, we use general statements and apply them to spe-
cific situations. For example, one of the best-known rules in mathematics is the
Pythagorean theorem: In any right triangle, the sum of the squares of the legs
(shorter sides) is equal to the square of the hypotenuse (longest side). Thus, if we
know that the lengths of the shorter sides are 3 inches and 4 inches, we can find the
length of the longest side. Let & represent the longest side.

32 + 42 = p? ythagorean theorem

94+ 16=Hh 32-3-3 -G =4-4-15
25 = h*  Add.
5=h The positive st root of 25 i5 5.

Thus, the longest side measures 5 inches. We used the general rule (the Pythagorean
theorem) and applied it to the specific situation.
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FIGURE 3

1.1 Solving Problems by Inductive Reasoning & 5

(¢) It appears here that to obtain each number after the first, we must double the previ-
ous number. Therefore, the most probable next number is 32 X 2 = 64.

Inductive reasoning often can be used to predict an answer in a list of similarly
constructed computation exercises, as shown in the next example.

EXAMPLE 3 Predicting the Product of Two Numbers

Consider the list of equations in the margin. Use the list to predict the next multi-
plication fact in the list.

SOLUTION

In each case, the left side of the equation has two factors, the first 37 and the second
a multiple of 3, beginning with 3. The product (answer) in each case consists of three
digits, all the same, beginning with 111 for 37 X 3. For this pattern to continue, the
next multiplication fact would be 37 X 15 = 555, which is indeed true. (Note: You
might want to investigate what occurs after 30 is reached for the right-hand factor, and
make conjectures based on those products.)

Pitfalls of Inductive Reasoning There are pitfalls associated with
inductive reasoning. A classic example involves the maximum number of regions
formed when chords are constructed in a circle. When two points on a circle are
joined with a line segment, a chord is formed. Locate a single point on a circle.
Because no chords are formed, a single interior region is formed. See Figure 2(a).
Locate two points and draw a chord. Two interior regions are formed, as shown in
Figure 2(b). Continue this pattern. Locate three points, and draw all possible
chords. Four interior regions are formed, as shown in Figure 2(c). Four points yield
8 regions and five points yield 16 regions. See Figures 2(d) and 2(e).

(b) (c) (d) (e)
FIGURE 2

The results of the preceding observations are summarized in Table 1 in the mar-
gin. The pattern formed in the column headed “Number of Regions” is the same one
we saw in Example 2(c), where we predicted that the next number would be 64. It
seems here that for each additional point on the circle, the number of regions doubles.
A reasonable inductive conjecture would be that for six points, 32 regions would be
formed. But as Figure 3 indicates, there are only 31 regions! The pattern of doubling
ends when the sixth point is considered. Adding a seventh point would yield
57 regions. The numbers obtained here are

1,2,4,8,16,31,57.
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1.1 Solving Problems by Inductive Reasoning & 7

Plotl Plotz Flots % LEk
e N BB 3+ 2T 1 1
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W= 5 e
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~“Me= 7 &7
“E= ViBCH N -eXE+23H
(a) (b)
FIGURE 4

1.1 EXERCISES

In Exercises 1-12, determine whether the reasoning is an
example of deductive or inductive reasoning.

G@he mechanic says that it will take seven days to
—répair your car, then it will actually take ten days. The
mechanic says, “I figure it’ll take a week to fix it,

ma’am.” Then you can expect it to be ready ten days
from now. deducrive

2. If you take your medicine, you’ll feel a lot better. You

take your medicine. Therefore, you’ll feel a lot better.
deductive

3. It has rained every day for the past nine days, and it is
raining today as well. So it will also rain tomorrow.

inductive
4. Marin’s first three children were boys. If she has
another baby, it will be a boy. inductive

5.\Finley had 95 baseball cards. His mom gave him
0 more for his birthday. Therefore, he now has 115
of them. deductive

6. If the same number is subtracted from both sides
of a true equation, the new equation is also true.
Tknow that 9 + 18 = 27. Therefore, (9 + 18) — 12 =
27 — 12. deductive

7. If you build it, they will come. You build it. Therefore,
they will come. deductive

8. All men are mortal. Socrates is a man. Therefore,

Socrates is mortal. deductive
@2:5 a fact that every student who ever attended

ekville University was accepted into graduate
school. Because I am attending Geekville, I can expect
to be accepted to graduate school, too. inductive

10. For the past 53 years, a rare plant has bloomed in
Columbia each summer, alternating between yellow
and green flowers. Last summer, it bloomed with
green flowers, so this summer it will bloom with
yellow flowers. inductive

11. In the sequence 5, 10, 15, 20, . . ., the most probable
next number is 25. inductive

12. Carrie Underwood’s last four single releases have
reached the Top Ten country list, so her current
release will also reach the Top Ten. inductive

\@iseuss the differences between inductive and deductive
feasoning. _%}ive an example of each.

o ANSWEDS W1l vary.
\1 14. Give an example of faulty inductive reasoning.

Answers will vary.

Determine the most probable next term in each list of
numbers.

15. 6,9,12, 15,18 2i 16. 13, 18, 23, 28,33 28

17. 3,12, 48,192,768 3077 18. 32,16,8,4,2 |

L.3.54 9

19. 3,6, 9,15, 24,39 63 7L | o s

2 a

21
Y10

% 22.1,4,9,16,25 30
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A story is often told about how the great mathematician Carl
Friedrich Gauss (1777-1855) at a very young age was told
by his teacher to find the sum of the first 100 counting
numbers. While his classmates toiled at the problem, Carl
simply wrote down a single number and handed it in to his
teacher. His answer was correct. When asked how he did it,
the young Carl explained that he observed that there were
50 pairs of numbers that each added up to 101. (See below.)
So the sum of all the numbers must be 50 X 101 = 5050.

1 + 2 + 3 + +98 + 99 + 100
' 101

— 101
50 sums of 101 = 50 X 101 = 5050

Use the method of Gauss to find each sum.

43.1+2+3+-

+ 200 20,100

44. 1 + 2+ 3 4+ -+ 400 80200
45. 1+ 2 +3 + -+ 800 320.44x)
46. 1 +2+ 3 +---+ 2000 2001000

47. Modify the procedure of Gauss to find the sum 1 + 2 +
344+ 175, 15400

\, 48. Explain in your own words how the procedure
of Gauss can be modified to find the sum 1 + 2 +
3 4+ -+ + n, where n is an odd natural number.
(When an odd natural number is divided by 2, it
leaves a remainder of 1.) As

s wilt VY.

49. Modify the procedure of Gauss to find the sum 2 +
44+64+---+ 100. 2350

50. Use the result of Exercise 49 to find the sum 4 + 8 +
12 + -+ +200. 5100

51. Find a pattern in the following figures and use induc-
tive reasoning to predict the next figure. =i

(a) (b) (c)

(d) (e) (f)

1.1 Solving Problems by Inductive Reasoning @& 9

52. Consider the following table.

022 2 0 0 0 00
024 6 4 2 0 00
02 6 12 14 12 6 2 0
0 2 8 20 32 38 32 20 8

Find a pattern and predict the next row of the table. —i-

53. What is the most probable next number in this list?
12,1, 1, 1, 2, 1, 3 (Hinz: Think about a clock.) -

54, What is the next term in this list? O, T, T, K, F, S, S, E,
N, T (Hint: Thi_nl_( about words and their relationship
to numbers.) =i

55. (a) Choose any three-digit number with all different
digits. Now reverse the digits, and subtract the
smaller from the larger. Record your result.
Choose another three-digit number and repeat
this process. Do this as many times as it takes for
you to see a pattern in the different results you
obtain. (Hint: What is the middle digit? What is
the sum of the first and third digits?) -

\ (b) Write an explanation of this pattern. You may
want to use this exercise as a “number trick” to
amuse your friends. —..-

56. Choose any number, and follow these steps.
(a) Multiply by 2.
(b) Add®6.
(¢) Divide by 2.
(d) Subtract the number you started with.
(e) Record your result.

Repeat the process, except in Step (b), add 8.
Record your final result. Repeat the process once
more, except in Step (b), add 10. Record your
final result.

(f) Observe what you have done; use inductive
reasoning to explain how to predict the final
result. You may want to use this exercise as a
“number trick” to amuse your friends. ;

57. Complete the following.

142,857 X 1
142,857 x 2
142,857 X 3
142,857 X 4
142,857 X 5
142857 X 6=

]

What pattern exists in the successive answers? Now mul-
tiply 142,857 by 7 to obtain an interesting result. -
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1.2 An Application of Inductive Reasoning: Number Patterns e 1

\\ / 6~ \/ 22 \/ 56 \\/ P 114

6 —2 =4 22 — 6 = 16 56 — 22 = 34 114 — 56 = 58

Now repeat the process with the sequence 4, 16, 34, 58 and continue repeating until
the difference is a constant value, as shown in line (4):

. 2 22 56 114 M
% N / \ ' . : ,./ g '\.\\ ,,./ ¥

2)

\ / \ / \ / &)

\ / \ / )

Once a line of constant values is obtained, simply work “backward” by adding until
the desired term of the given sequence is obtained. Thus, for this pattern to continue,
another 6 should appear in line (4), meaning that the next term in line (3) would have
to be 24 + 6 = 30. The next term in line (2) would be 58 + 30 = 88. Finally, the next
term in the given sequence would be 114 + 88 = 202. The final scheme of numbers is
shown below.

2\\ / \ / \ / 202 :
\ / \ / \ / \ / .

\6/ \6/ \6/ @

' EXAMPLE 1 Using Successive Differences
Use the method of successive differences to determine the next number in each sequence.
(a) 14,22,32, 44, ... (b) 5,15,37,77,141, ...

SOLUTION
(a) Using the scheme described above, obtain the following:

14 22 32 44 58
o SN PN ;
\ N 3 /
N .// B -'/ . 3 Y
1 12 /14
2 2

Once the row of 2s was obtained and extended, we were able to get 12 + 2 = 14,
and 44 + 14 = 58, as shown above. The next number in the sequence is 58.
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1.2 An Application of Inductive Reasoning: Number Patterns @ 13

EXAMPLE 2 Predicting the Next Equation in a List

In each of the following, several equations are given illustrating a suspected number
pattern. Determine what the next equation would be, and verify that it is indeed a true

statement.
(a) {2yt (b) Lt
(1+27%=1+2 3+5=2
A+2+32=13+2"+3 T+9+11=3
A+2+3+42=1+22+3 +43 13+ 15+ 17 + 19 = 43
1-2
(c) 1 = >
2+3
. - —
1 +2 2
344
l1+24+3=—o
2
424344 =23
2
SOLUTION
(a) The left side of each equation is the square of the sum of the first » counting num-

(b)

(c)

bers, while the right side is the sum of their cubes. The next equation in the pattern
would be

A+2+3+4+57=17+22+33+4+5

Each side simplifies to 225, so the pattern is true for this equation.

The left sides of the equations contain the sum of odd counting numbers, starting
with the first (1) in the first equation, the second and third (3 and 5) in the second
equation, the fourth, fifth, and sixth (7, 9, and 11) in the third equation, and so on.
The right side contains the cube (third power) of the number of terms on the left
side in each case. Following this pattern, the next equation would be

21 423 +25+27 +29 =53,

which can be verified by computation.
The left side of each equation gives the indicated sum of the first n counting num-
bers, and the right side is always of the form

nEp + 1)
— -

For the pattern to continue, the next equation would be
. 5.6
[+2+3+4+5="—"-

Because each side simplifies to 15, the pattern is true for this equation.
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1.2 An Application of Inductive Reasoning: Number Patterns & 15

; ,.«.;”'ﬁ\ / \\

2% \ \
Triangular ,n\ fdl' Y _ ‘\c-\ ,!/ Y \
s g{..":* LN\ Z \3.\5*_\; z \ X N
1 3 6 10 15
T | r ¢
i |
E il I 1 i
Square 1 H 1 1 | 1
numbers i J | | l] | J { 1
1 4 9 16 25
Pentagonal
numbers Q
; 5 12 22
FIGURE 5
~ EXAMPLE 3 Using the Formulas for Figurate Numbers
Use the formulas to find each of the following.
(a) seventh triangular number
(b) twelfth square number
(c) sixth pentagonal number
SOLUTION
nr+1) 7(T7+1) 7B 56
— == = —_——= — = 2 lat a 1 i !
(a) Tj.' ) 5 5 ) 8 s} a
(b) S42 = 7% =122 = 144 rormule for a square number, » — 12
A
|
122 =12 - 12
n(B3n — 1) 6[3(6) —1] 6(18 —-1) 6(17)
© Ps 2 32 2 2

Inside the brackets,
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1.2 An Application of Inductive Reasoning: Number Patterns €@ 17

1.2 EXERCISES

Use the method of successive differences to determine the
next number in each sequence.

1. 1,4,11,22,37,56,... 79
2. 3,14,31,54,83,118,... 159
3. 6,20, 50, 102, 182, 296, ... 450
. 1,11,35,79, 149,251, ... 39
. 0, 12,72, 240, 600, 1260, 2352, ... 032

. 5,34, 243, 1022, 3121, 7770, 16799, . .. 22.75%

4

5

6. 2,57, 220, 575, 1230, 2317, ... 3992

7

8. 3,19, 165, 771, 2503, 6483, 14409, . .. 28.073
9

. Refer to Figures 2 and 3 in Section 1.1. The method
of successive differences can be applied to the
sequence of interior regions,

1,2,4,8,16,31,

to find the number of regions determined by seven
points on the circle. What is the next term in this
sequence? How many regions would be determined
by eight points? Verify this using the formula given at
the end of that section. 57 Y4

10. Suppose that the expression n* + 3n + 1 determines
the nth term in a sequence. That is, to find the first
term, let # = 1; to find the second term, let n = 2, and
50 on.

(a) Find the first four terms of the sequence. i

(b) Use the method of successive differences to pre-
dict the fifth term of the sequence. =i

(¢) Find the fifth term by letting n = 5 in the expres-
sion n* + 3n + 1. Does your result agree with the
one you found in part (b)? 24

In Exercises 11-20, several equations are given illustrat-
ing a suspected number pattern. Determine what the next
equation would be, and verify that it is indeed a true
statement.

1L(1 X9 ~1=8
(21 X9 — 1= 188
(321 X 9) — 1 = 2888
(4321 % ) — | = 38,888
12. (1 X8 +1=9
(12 X 8) + 2 =098
(123 X 8) + 3 = 987
P34 « %3 - ! OR76

13. 999,999 X 2 = 1,999,998

999,999 X 3 = 2,999,997
GOU GOY W 4 -

14. 101 X 101 = 10,201
10,101 X 10,101 = 102,030,201

3 U0 U

P00 1001 > 1.010.101 1020302, 0330.201
15. 32 -12=23
6% — 32 =133
102 — 6% = 43
152 - 10* = 5°
16. 1 = 12
1+2+1=22
1+2+3+2+1 =32
1+24+344+3 42 2

17. 22— 12=2 + 1

18. 12+ 1=22-2

2 +2=32-3

32 +3=4%-4 4 5
19.1=1X1

1+5=2x3

1+5+9=3X5
20.1+2=3

4+5+6=7+38

9+ 10+ 11+ 12=13+ 14+ 15

174 18 4+ 19430 ¥ 432 4 7 B Pl 7
(n+ 1)

n
Use the formula S = to find each sum.

2
2L 1+ 24+ 34--- 4300 45150
22.1+24+ 3+ -+ 500 125250
23. 1+2+3+---4+ 675 228,150
24.1+2+3+-+825 34072

Use the formula § = n® to find each sum. (Hint: To find n,
add 1 to the last term and divide by 2.)

25.1+3+5++-++101
260 1 +34+5+---449 525
27. 1+ 345+ -4+ 999 250,000

22,801

28. 1 +34+54+---+ 301



