1.1

FUNCTIONS

OVERVIEW Functions are fundamental to the study of calculus. In this chapter we review
what functions are and how they are pictured as graphs, how they are combined and trans-
formed, and ways they can be classified. We review the trigonometric functions, and we
discuss misrepresentations that can occur when using calculators and computers to obtain
a function’s graph. The real number system, Cartesian coordinates, straight lines, parabo-
las, and circles are reviewed in the Appendices. We treat inverse, exponential, and logarith-
mic functions in Chapter 7.

| Functions and Their Graphs

Functions are a tool for describing the real world in mathematical terms. A function can be
represented by an equation, a graph, a numerical table, or a verbal description; we will use
all four representations throughout this book. This section reviews these function ideas.

Functions; Domain and Range

The temperature at which water boils depends on the elevation above sea level (the boiling
point drops as you ascend). The interest paid on a cash investment depends on the length
of time the investment is held. The area of a circle depends on the radius of the circle. The
distance an object travels at constant speed along a straight-line path depends on the
clapsed time.

In each case, the value of one variable quantity, say y, depends on the value of another
variable quantity, which we might call x. We say that “y is a function of x” and write this
symbolically as

y = fx (“y equals f of x™).

In this notation, the symbol f represents the function, the letter x is the independent vari-
able representing the input value of f, and y is the dependent variable or output value of
fatx.

P f
| DEFINITION A function f from a set D to a set Y is a rule that assigns a unique
! (single) element f(x) € Y to each element xe D.

The set D of all possible input values is called the domain of the function. The set of
all values of f(x) as x varies throughout D is called the range of the function. The range
may not include every element in the set Y. The domain and range of a function can be any
sets of objects, but often in calculus they are sets of real numbers interpreted as points of a
coordinate line. (In Chapters 13-16, we will encounter functions for which the elements of
the sets are points in the coordinate plane or in space.)
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Often a function is given by a formula that describes how to calculate the output value
from the input variable. For instance, the equation 4 = arr? is a rule that calculates the
area 4 of a circle from its radius 7 (so r, interpreted as a length, can only be positive in this
formula). When we define a function y = f(x) with a formula and the domain is not
stated explicitly or restricted by context, the domain is assumed to be the largest set of real
x-values for which the formula gives real y-values, the so-called natural domain. If we
want to restrict the domain in some way, we must say so. The domain of y = x? is the en-
tire set of real numbers. To restrict the domain of the function to, say, positive values of x,
we would write “y = x4, x > 0.7

Changing the domain to which we apply a formula usually changes the range as well.
The range of y = x?is [0, 00). The range of y = x%, x = 2, is the set of all numbers ob-
tained by squaring numbers greater than or equal to 2. In set notation (see Appendix 1), the
range is {x*|x = 2} or {y|y = 4} or [4, o).

When the range of a function is a set of real numbers, the function is said to be real-
valued. The domains and ranges of many real-valued functions of a real variable are inter-
vals or combinations of intervals. The intervals may be open, closed, or half open, and may
be finite or infinite. The range of a function is not always easy to find.

A function f is like a machine that produces an output value f(x) in its range whenever
we feed it an input value x from its domain (Figure 1.1). The function keys on a calculator give
an example of a function as a machine. For instance, the V x key on a calculator gives an out-
put value (the square root) whenever you enter a nonnegative number x and press the \/J_c key.

A function can also be pictured as an arrow diagram (Figure 1.2). Each arrow associ-
ates an element of the domain D with a unique or single element in the set Y. In Figure 1.2, the
arrows indicate that f(a) is associated with a, f(x) is associated with x, and so on. Notice that
a function can have the same value at two different input elements in the domain (as occurs
with f(a) in Figure 1.2), but each input element x is assigned a single output value f(x).

EXAMPLE 1  Let’s verify the natural domains and associated ranges of some simple
functions. The domains in each case are the values of x for which the formula makes sense.

Function Domain (x) Range ()
y=x (—00, 00) [0, 00)
y=1/x (—00,0) U (0, 00) (—00,0) U (0, o)
y=Vx [0, 00) [0, o)
y=V4-x (—o0, 4] [0, o)

V1 - x? —1,1] 10, 1]

y:

Solution  The formula y = x* gives a real y-value for any real number x, so the doma
is (—oc, 00), The range of y = x? is [0, o0) because the square of any real number i
nonnegative and every nonnegative number y is the square of its own square oo
y = (\/;)gfory = 0.

The formula y = 1/x gives a real y-value for every x except x = 0. For consistenc
in the rules of arithmetic, we cannot divide any number by zero. The range of y = 1 /%, th
set of reciprocals of all nonzero real numbers, is the set of all nonzero real numbers, sinc
y = 1/(1/y). That is, for y # 0 the number x = 1/y is the input assigned to the outpt
value y.

The formula y = Vx gives a real y-value only if x = 0. The range of y = Vix
[0, o©) because every nonnegative number is some number’s square root (namely, it is th
square root of its own square).

In y = V4 —x, the quantity 4 — x cannot be negative. That is, 4 —x = 0, «
x = 4. The formula gives real y-values for all x = 4. The range of V4 — xis [0, 00),1l
set of all nonnegative numbers.
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The formula y = V1 - x? gives a real y-value for every x in the closed interval
from —1 to 1. Outside this domain, 1 — x? is negative and its square root is not a real
number. The values of 1 — x? vary from 0 to 1 on the given domain, and the square roots
of these values do the same. The range of V1 — x? is [0, 1]. =

Graphs of Functions

If f is a function with domain D, its graph consists of the points in the Cartesian plane
whose coordinates are the input-output pairs for f. In set notation, the graph is

{(x, f(x)) | xe D}.

The graph of the function f(x) = x + 2 is the set of points with coordinates (x, y) for
which y = x + 2. Its graph is the straight line sketched in Figure 1.3.

The graph of a function f is a useful picture of its behavior. If (x, ¥) 1s a point on the
graph, then y = f(x) is the height of the graph above the point x. The height may be posi-
tive or negative, depending on the sign of f(x) (Figure 1.4).
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The graph of f(x) = x + 2
is the set of points (x, y) for which y has
the value x + 2.

If (x, p) lies on the graph of
/. then the value y = f(x) is the height of
the graph above the point x (or below x if
f(x) is negative).

EXAMPLE 2 Graph the function y = x? over the interval [~2, 2].

Solution  Make a table of xy-pairs that satisfy the equation y = x Plot the points (x, )
whose coordinates appear in the table, and draw a smooth curve (labeled with its equation)
through the plotted points (see Figure 1.5). =

How do we know that the graph of y = x? doesn’t look like one of these curves?

.
>
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To find out, we could plot more points. But how would we then connect them? The
basic question still remains: How do we know for sure what the graph looks like be-
tween the points we plot? Calculus answers this question, as we will see in Chapter 4.
Meanwhile we will have to settle for plotting points and connecting them as best
we can,

Representing a Function Numerically

We have seen how a function may be represented algebraically by a formula (the arca
function) and visually by a graph (Example 2). Another way to represent a function is
numerically, through a table of values. Numerical representations are often used by engi-
neers and scientists. From an appropriate table of values, a graph of the function can be
obtained using the method illustrated in Example 2, possibly with the aid of a computer.
The graph consisting of only the points in the table is called a scatterplot.

FXAMPLE 3 Musical notes are pressure waves in the air. The data in Table 1.1 give
recorded pressure displacement versus time in seconds of a musical note produced by a
tuning fork. The table provides a representation of the pressure function over time. If we
first make a scatterplot and then connect approximately the data points (Z, p) from the
table, we obtain the graph shown in Figure 1.6.

p (pressure)

rakit 1.t Tuning fork data
Time Pressure Time Pressure (])'g L s P ¢ Data
ﬁ o6 ] % 2R

0.00091 —0.080 0.00362 0.217 oar 1} 7N
0.00108 0.200 0.00379 0.480 2r % s N e T k4 g
0.00125 0.480 0.00398 0.681 _pak 0001 0.002 Qf:};‘}* 0.004 0.005 IU;.UUfJ
0.00144 0.693 0.00416 0810 !

0.00162 0.816 0.00435 0.827 '

0.00180 0.844 0.00453 0.749 | FIGURE 1.6 A smooth curve through the plotted points
0.00198 0.771 0.00471 0.581 | gives a graph of the pressure function represented by
0.00216 0.603 0.00489 0346 | Table 1.1 (Example 3).

0.00234 0.368 0.00507 0.077 |

0.00253 0.099 0.00525 —-0.164

0.00271 —0.141 0.00543 -0.320

0.00289 —0.309 0.00562 —0.354

0.00307 —(.348 0.00579 —0.248

0.00325 —0.248 0.00598 —-0.035

0.00344 —0.041

The Vertical Line Test for a Function

Not every curve in the coordinate plane can be the graph of a function. A function f can
have only one value f(x) for each x in its domain, so no vertical line can intersect the graph
of a function more than once. If ¢ is in the domain of the function f, then the vertical line
x = a will intersect the graph of f at the single point (a, f(a)).

A circle cannot be the graph of a function since some vertical lines intersect the circle
twice. The circle in Figure 1.7a, however, does contain the graphs of rwo functions of x:

the upper semicircle defined by the function f(x) = V1 — x* and the lower semicircle
defined by the function g(x) = =V 1 — x? (Figures 1.7b and 1.7¢).
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FIGURE 1.11  The graph of the
least integer function y = [x
lies on or above the line y = x,
so it provides an integer ceiling

for x (Example 6).
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117 (a)The graphof y = x*
(an even function) is symmetric about the
y-axis. (b) The graph of y = x° (an odd
function) is symmetric about the origin.
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Increasing and Decreasing Functions

If the graph of a function climbs or rises as you move from left to right, we say that the
function is increasing. If the graph descends or falls as you move from left to right, the
function is decreasing.

DEFINITIONS  Let f be a function defined on an interval I and let x; and x; be
any two points in I.

I R i f(xg) > f(x1) whenever x; < x2, then f is said to be increasing on L ;
2. If f(x;) < f(x) whenever x| < X2, then f is said to be decreasing on /.

Tt is important to realize that the definitions of increasing and decreasing functions
must be satisfied for every pair of points x; and x2 in / with x; < x». Because we use the
inequality < to compare the function values, instead of =, it is sometimes said that f is
strictly increasing or decreasing on /. The interval [ may be finite (also called bounded) or
infinite (unbounded) and by definition never consists of a single point (Appendix 1).

EXAMPLE 7  The function graphed in Figure 1.9 is decreasing on (—0o0, 0] and in-
creasing on [0, 1]. The function is neither increasing nor decreasing on the interval [1, o0)
because of the strict inequalities used to compare the function values in the definitions. &

Even Functions and Odd Functions: Symmetry

The graphs of even and odd functions have characteristic symmetry properties.

DEFINITIONS A function y = f(x) isan

even function of x if f(—x) = f(x),
odd function of x if f(—x) = —f(x),

for every x in the function’s domain.

f x, as in
y=xlory= x*, it is an even function of x because (—x)? = x* and (=x)* = x* Ifyis
an odd power of x,asiny = xory = x?, it is an odd function of x because (—x)' = —x
and (—x)* = —x°.

The graph of an even function is symmetric about the y-axis. Since f(—x) = f(x),a
point (x, y) lies on the graph if and only if the point (—x, ) lies on the graph (Figure 1. 12a).
A reflection across the y-axis leaves the graph unchanged.

The graph of an odd function is symmetric about the origin. Since f(-x) = —f(x),a
point (x, ) lies on the graph if and only if the point (—x, —y) lies on the graph (Figure 1.12b).
Equivalently, a graph is symmetric about the origin if a rotation of 180° about the origin
leaves the graph unchanged. Notice that the definitions imply that both x and —x must be
in the domain of f.

The names even and odd come from powers of x. If y is an even power o

EXAMPLE 8
flx) = x*

f(x) = x* + 1 Even function: (—=x)* + 1 = x* + 1 for all x; symmetry about y-axis
(Figure 1.13a).

Even function: (—x)* = ¥2 for all x; symmetry about y-axis.

flx) =x 0dd function: (—x) = —x for all x; symmetry about the origin.
flx) =x+1 Not odd: f(—x) = —x + 1,but —f(x) = —x — 1.The two are not
equal,

Noteven: (—x) + 1 # x + 1forallx # 0 (Figure 1.13b). 1
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(a) a = n, apositive integer.

The graphs of f(x) = x",forn = 1, 2, 3, 4, 5, are displayed in Figure 1.15. These func-
tions are defined for all real values of x. Notice that as the power n gets larger, the curves
tend to flatten toward the x-axis on the interval (—1, 1), and also rise more steeply for
|x] > 1. Each curve passes through the point (1, 1) and through the origin. The graphs of
functions with even powers are symmetric about the y-axis; those with odd powers are
symmetric about the origin. The even-powered functions are decreasing on the interval
(—00, 0] and increasing on [0, 00); the odd-powered functions are increasing over the entire
real line (—00, 00).

. Yy y=xt I y=x Y y=x 4
/ i

\ }l»/ l / \1

I.\\ | 1 | x | | |

| 1 -1/0 1 _1

ol e o] 1 * Z1i70] 1
i s -1
/ ]
!
1]

T
—

]

T

Graphs of f(x) = x",n = 1,2, 3,4, 5, defined for —00 < x < 0C.

b a=-1 or a=-2.

The graphs of the functions f(x) = x'=1/x and g(x) = x~% = 1/x? are shown in
Figure 1.16. Both functions are defined for all x # 0 (you can never divide by zero). The
graph of y = 1/x is the hyperbola xy = 1, which approaches the coordinate axes far from
the origin. The graph of y = 1 /x* also approaches the coordinate axes. The graph of the
function f is symmetric about the origin; f is decreasing on the intervals (—0o0, 0) and
(0, 00). The graph of the function g is symmetric about the y-axis; g 18 increasing on
(—0o0, 0) and decreasing on (0, o).

T ¥
\y=3 1=
\ f } *
LE N\ F1
. f
. x \\
—_— o] 1 ’/ o )
\ Domain: x # 0 = o ¥
\ Range: y# 0 0 1
| Domain: x # 0
\ Range: y=>0
(a) (b)
EIGURE 1.16  Graphs of the power functions f(x) = x“ for part (@a= -1
and for part (b)a = —2.

ell13 2
(¢) a= 2,3,2,:311613.
The functions f(x) = x'/? = Vxand g(x) = x'? = \Vx are the square root and cube
root functions, respectively. The domain of the square root function is [0, o©), but the
cube root function is defined for all real x. Their graphs are displayed in Figure 1.17
along with the graphs of y = x¥2 and y = x*°. (Recall that 32 = (x'?) and
23 1/3\2
2= (X0
potynomiats A function p is a polynomial if
plx) = apx" + Quox" e + aix + ao

where n is a nonnegative integer and the numbers dag, a1, @z, .. -, a are real constants
(called the coefficients of the polynomial). All polynomials have domain (—o0, 0a). If the
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Chapter 1: Functions

Algebraic Functions Any function constructed from polynomials using algebraic opera-
tions (addition, subtraction, multiplication, division, and taking roots) lies within the class
of algebraic functions. All rational functions are algebraic, but also included are more
complicated functions (such as those satisfying an equation like y? — 9xy + x° =
studied in Section 3.7). Figure 1.20 displays the graphs of three algebraic functions.

3

13
s x— 4
y y=x" ) . y y= a1 — 25
B P S S i
r F= 4(I 1)
i ¥
2 Ir
l_
1 4 —_— X —_— 1 x
_l] i _.f'4 0] // 0 g 1
-2r / -"J_ L
_3—“-/’" f =
x".

(a) (b) (c)

FIGURE 1.20  Graphs of three algebraic functions.

Trigonometric Functions The six basic trigonometric functions are reviewed in Section 1.3:
The graphs of the sine and cosine functions are shown in Figure 1.21.

- Y
~ T~ N < ™ %1 LN
h - £ \ e 4 I 2T/ 20
I O N \::;17 2 v 1 7 = \4 | ;p’ | \12\ | >
N 0 L ,"'.‘J \-/ \ y
- N / =T N /
\ZlL N \M = \> SN \/
(a) f(x) =sinx (b) flx) =cosx

FIGURE 1.21  Graphs of the sine and cosine functions.

Exponential Functions Functions of the form f(x) = a*, where the base @ > 0 is a
positive constant and a # 1, are called exponential functions. All exponential functions
have domain (—00, o) and range (0, ©), so an exponential function never assumes the
value 0. We study exponential functions in Section 7.3. The graphs of some exponential
functions are shown in Figure 1.22.

— i

y=10%] y =107
12+ / \ 12t

10 ; 1 10




‘8ua| [euoSerp 2y Jo uonOUNY B SB 9qND

Y} JO SWN[OA pUB BAlR 20BLINS A ssaxdxe wayy, p yiSuol [eu0
-8e1p s,2qU0 3y} JO UONOUNJ E SB agnd & Jo yiFua] 28pa o ssaxdxy ‘11

‘pBusa] [euoFerp

oy}l Jo uonouny e st eaJe Ay ssaidxs uay], ‘JeuoTerp s,arenbs oy

Jo p pdus] oy Jo uonouny e se arenbs e Jo yyFuoy aprs oy ssaxdxg Q] /;’ o
"x Suay apis s,98ueLy 5y Jo uonOUNY s ~
e se a[uely [eije[mbs ue jo rojpwad pue eare ayy ssaidxg ‘g ’ =
SU0IsuNY 0] seynuiie Buipulg £ q £ wy
"SIOMSUE JNOA 10] SUOSEAI AID) (JOU AIB YIIYM PUR
. 0 . 0 ‘x Jo suonouny jo sydeid are sydeid ay) Jo yotym ‘g pue / $0S10I0XY U]
—— - 91 — 1—¢
bl Y — =m0 9 —== ['s
M / y, X — XA = (03 p 01 + XA = (0 ¢
[ ~ YA -1 =f T X+ 1=
s ‘UOTOUNy ord Jo afUurl PUB UTBWOP 3Y] PUIJ ‘9] SASIOIOXH U]
£ q £ "B °g HOLLIn

"L"[ uonaag ul passnosip st ydeid oy Sururyop
uonoury oyf "(yz'1 2m3L]) WSrom umo §)1 1epun Ajeaxy SwiSuey pue ioyjoue 0} 1oddns
Juo woly Funys ‘vjqes 01992 1o aur] auoydaral e oyI[ ‘ojqed e jo adeys o sey ydeid sy
"AIBud)Ed € ST UONoUNJ [BIUSpUSdSURN € Jo ajdurexe renonted Y '[[am SE SUOHOUN ISI0
Auew pue ‘suonouny drwyiLreSo] pue ‘[enusuodxe ‘OLOWIOUOTLY ISIOAUT ‘OLIOWOUOSLY
sy apnjaul A3y ], "o1eIqas[e J0u 218 JBY) SUOTIOUNY 2I8 0SAYL  SUBLIIUNS J2judpuadsusiy

(. ureyo,, sueow
DUAIDI P1oM UneT Y1) *3[qed SuiSuey
1o Areusgeo v Jo yderny  $7°7 U9y

‘suonouny
oruryyrreSo moy jo sydern  £7°7 ¥N9TI

f
i
I
.'{ i

.ff—{—

/
/
£

N
x330| =4

€

"(00 “o0—) st
a8ue1 oY) pue (oo Q) SI UTBWIOP 2} 9SED OB U] "S9SBq SNOLIBA [)IM SUONOUN] Junqueso]
oy jo syderd oy smoys ¢z | 21 +x, 1owdey)) ur parpmys S1 SUOHOUNY 9SSYL JO SNNO[BD
Ay} pue ‘suonouny [enuauodxd oy} JO suououn/ ssiaaul Y} I8 KU yuRISU0D sanisod B
SL| % D 9seq oyl aIoym ‘¥ “3o[ = (X)/ suorjounj oyj oI 9S9U[  Suoldung diwyiLiefo]

1T sydein Jiay)] pue suoldung T°T

S951JJaX]



12 Chapter 1: Functions

12. A point P in the first quadrant lies on the graph of the function
f(x) = Vx. Express the coordinates of P as functions of the
slope of the line joining P to the origin.

13. Consider the point (x,y) lying on the graph of the line
2x + 4y = 5. Let L be the distance from the point (x, y) to the
origin (0, 0). Write L as a function of x.

14. Consider the point (x, y) lying on the graph of y = Vx = 3. Let
L be the distance between the points (x, )/) and (4, 0). Write L as a
function of y.

d Granhs

Functions and phs

Find the domain and graph the functions in Exercises 15-20.
15. f(x) =5 — 2x 16. f(x) =1-2x —x°
17. g(x) = Vix| 18. glx) = V—x

19. F(1) = t/]¢] 20. G(1) = 1/)¢]

21. Find the domain of y = —2—- 23

4—-Vx2-9

2
22. Find the range of y = 2 + —>——.
. g 2 +4
23. Graph the following equations and explain why they are not
graphs of functions of x.

b. y*=x?

a [y|=x
24. Graph the following equations and explain why they are not
graphs of functions of x.

a x|+ [y =1 b. [x +y|=1

Piecewise-Defined Functions

Graph the functions in Exercises 25-28.

By, 1<aez
wem=fin 1z
27. Flx) = {izu;x;;, i j 1
28, G(x) = {i/" E:g

Find a formula for each function graphed in Exercises 29-32.

29, a. vy b. y
1 (].:'--{} 21_.._- -
_,/ \\'\ .
/.r \\ | |
L > X 1 iy [ ! t
0] 6] 1 2 |3 &
30. a. ¥ b.
PR ’
o oF
X
2 5 o\
_l_ \ x
% )
]\\._ | ! 2
. (2,-1)
-2
3%

31. a. J b. ¥

-1,1 1,1

) e )IL(—-@)\ 2

S N
| +% > x
e—‘/ nl\-—-—e
(-2,-1) (1,-1) (3,-1)
32, a. Y b. Y
(r.1n
1 P
f/ | t | |
f S t
/ i o T T ar 2r
| 5x -Al %-‘d"-
0 T T
2
The Greatest and Least Integer Functions
33. For what values of x is
a. |x| =07 b [x{ = 0%

34. What real numbers x satisfy the equation |x| = [x]?
35. Does | —x| = — | x| for all real x? Give reasons for your answer.

36. Graph the function
_flx), x=0
w={ iZa
Why is f(x) called the integer part of x?

Increasing and Decreasing Functions

Graph the functions in Exercises 37-46. What symmetries, if any, do
the graphs have? Specify the intervals over which the function is in-
creasing and the intervals where it is decreasing.

37, y = —x 38 y=-15
X
1 |
3 p=—x 40.y=E"|
41. y = Vx| 2. y=V-x
43. y = x3/8 44. y = —4Vx
45, y = —x? 46. y = (—x)*°

Even and Odd Functions
In Exercises 47--58, say whether the function is even, odd, or neither.
Give reasons for your answer.

47. f(x) =3
49, f(x) =x*+1
51, g(x) =x* +x

48, f(x) = x>
50. f(x) = x? + x
52, g(x) = x* + 3x* — 1

53. g(x) = - 54. g(x) = _EE——I

x2 -1 x

55. h(1) = —— 56. k(1) =]

57. h(r) = 2t + 1 58. A(t) = 27| + 1

59. The variable s is proportional to ¢, and s = 25 when ¢ = 75.
Determine ¢ when s = 60.
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Chapter 1: Functions

1 2 | Combining Functions; Shifting and Scaling Graphs

In this section we look at the main ways functions are combined or transformed to form
new functions.

Sums, Differences, Producis, a ad Quotients

Like numbers, functions can be added, subtracted, multiplied, and divided (except where
the denominator is zero) to produce new functions. If f and g are functions, then for every
x that belongs to the domains of both f and g (that is, for x e D(f) N D(g)), we define
functions f + g, f — g, and fgby the formulas

(f + @) = fx) + gx).
(f — @) = fx) — gkx).
(fe)x) = f(x)g(x).

Notice that the + sign on the left-hand side of the first equation represents the operation of
addition of functions, whereas the + on the right-hand side of the equation means addition
of the real numbers f(x) and g(x).

At any point of D(f) 1 D(g) at which g(x) # 0, we can also define the function f/g
by the formula

S ) fx)

il = +* .

(g (x) e (where g(x) # 0)

Functions can also be multiplied by constants: If ¢ is a real number, then the function

cf is defined for all x in the domain of f by
(ef)x) = cf(x).

EXAMPLE 1 The functions defined by the formulas

fy=Vx and gl = V1 = x
have domains D(f) = [0, o) and D(g) = (—00,1]. The points common o these do-
mains are the points
[0, 00) N (=00, 1] = [0, 1].

The following table summarizes the formulas and domains for the various algebraic com-
binations of the two functions. We also write f + g for the product function fg.

Function Formula Domain

g Grow=VitViex  Dal= D(f) N D)

R f - g)x) = Vx—=V1-x [0, 1]

g~ | G-PH@=Vi-x-Vx___ 0.1

fg (f-g)) = fg) = Vx(i —»  10,1]

flg é(x) = é%% P [0,1) (x = 1 excluded)
g ) [1-=x

g/f ?(x) = ‘i(x) =% (0, 1] (x = 0 excluded)

The graph of the function f + & is obtained from the graphs of f and g by adding the
corresponding y-coordinates f(x) and g(x) at each point x& D(f) N D(g), as in Figur
1.25. The graphs of f + g and f - g from Example 1 are shown in Figure 1.26.
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16 Chapter 1: Functions

1 unit~_°
\\"\.\_\_._
S

-2 2

N
_2..’_.

FIGURE 1.29  To shift the graph
of f(x) = x? up (or down), we add
positive (or negative) constants to
the formula for f (Examples 3a
and b).

2 units

EXAMPLE 2 Iff(x) = Vxandg(x) = x + 1, find
(@ (f ° 2)x) M) (g° x) () (f ° f)x) @) (g° g)x).

Solution

Composite Domain
@ (f ° @) = flgx)) = Vg = Va+ 1 [~1, )
®) (g° ) = g(fx) = fx) + 1= Vx +1 [0, o)
© (f o Hx) = f(f(x) = VI = VVx = x4 [0, 00)

@ (gogx) =glgl)=glxr) +1=x+1)+1=x+ 2 (—o00, o0)
To see why the domain of f © gis [—1, %), notice that g(x) = x + 1 is defined for all

real x but belongs to the domain of f only if x + 1 = 0, that istosay, whenx = —1. &

Notice that if f(x) = x?and g(x) = \/J-c, then (f ° g)(x) = (\/;)2 = x. However,
the domain of f © g is [0, 00), not (—00, ©0), since V.x requires x = 0.

Shifting a Graph of a Function

A common way to obtain a new function from an existing one is by adding a constant to
each output of the existing function, or to its input variable. The graph of the new function
is the graph of the original function shifted vertically or horizontally, as follows.

Vertical Shifts

y=fx) +k Shifts the graph of f up kunits if k > 0
Shifts it down | k| units if £ < 0

Horizontal Shifts

y = f(x + h) Shifts the graph of f left h units if A > 0
Shifts it right | k| units if h < 0

EXAMPLE 3

(a) Adding 1 to the right-hand side of the formula y = x? to get y = x> + 1 shifts the
graph up 1 unit (Figure 1.29).

(b) Adding —2 to the right-hand side of the formula y = x2to get y = x* — 2 shifts the
graph down 2 units (Figure 1.29).

(¢) Adding3toxiny = x2togety = (x + 3)’ shifts the graph 3 units to the left (Figure

1.30).
(d) Adding —2 tox in y = |x|, and then adding —1 to the result, gives y = |x — 2| — 1
and shifts the graph 2 units to the right and 1 unit down (Figure 1.31). B
Scaling and Reflecting a Graph of a Function

To scale the graph of a function y = f(x) is to stretch or compress it, vertically or hori-
zontally. This is accomplished by multiplying the function f, or the independent variable x,
by an appropriate constant c. Reflections across the coordinate axes are special cases
wherec = —1.
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18 Chapter 1: Functions

EXAMPLE 5  Given the function f(x) = x* — 4x® + 10 (Figure 1.35a), find formulas to

(a) compress the graph horizontally by a factor of 2 followed by a reflection across the
y-axis (Figure 1.35b).

(b) compress the graph vertically by a factor of 2 followed by a reflection across the x-axis
(Figure 1.35¢).

Y y= 16x* + 325 + 10 )

¥
1 Fx) = x* — 4x3 + 10 | . / T
20 i 20 y=—-i-x4+2x3—5
- ) 10+ 2
S \ 10+~
13 ‘ #

1
—_—
=

T

#

.
I

_—

=]

T

(a) (b) (c)

FIGURE 1.35  (a) The original graph of £ (b) The horizontal compression of y = f(x) in part (a) by a factor of 2, followed by a
reflection across the y-axis. (c) The vertical compression of y = f(x) in part (a) by a factor of 2, followed by a reflection across
the x-axis (Example 5).

Solution
(a) We multiply x by 2 to get the horizontal compression, and by —1 to give reflection

across the y-axis. The formula is obtained by substituting —2x for x in the right-hand
side of the equation for f:

y = f(=2x) = (-2x)* — 4(=2x)° + 10
= 16x* + 32x° + 10.
(b) The formula is

y=—-é—f(x)=—%x4+2x3—-5. u

Ellipses

Although they are not the graphs of functions, circles can be stretched horizontally or ver-
tically in the same way as the graphs of functions. The standard equation for a circle of
radius » centered at the origin is

x4yt =ri

Substituting c¢x for x in the standard equation for a circle (Figure 1.36a) gives

et + y2 =72, (1)
¥ 3 Y
T 2 B Bt T
- ayr=r? — 1 Efooey B Pl e+ yt=1r?
-~ Py \
7 \
r'/ \
} — x
=#y 0 | 0 o _rl O jr
3 / 4 (4 {4 c
hY rf
! VFd
. - i sl
_ i b s
-r —r -r
(a) circle (b)ellipse, 0 < ¢ < | (c) ellipse, ¢ =1

ETil

FIGURE 1.36 Horizontal stretching or compression of a circle produces graphs of cllipses.
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20 Chapter 1: Functions

14, Copy and complete the following table.

gx) f) f ° 9
a x| ?
x—1 x
L x x+1
c. ? Vi x|
d. Vi ? |x|

¥ | =2 -1 0 12
- i Sl il o
1| o= !; I
I RN
g(x)gz*lmo!,—lgo
a. f(g(=1)) b g(f(0) c. f(f(=1))
d. g(g(2)) e. g(f(=2)) f. f(g(1))
16. Evaluate each expression using the functions
=% -2=x<0
i g(x}_{x—-l, 0=x=2

a. f(g(0))
d. f(f(2))

b. g(f(3))
e. g(f(0))

c. g(g(~1))
f. f(g(1/2))

In Exercises 17 and 18, (a) write formulas for f © g and g ° f and
find the (b) domain and (c) range of each.

17, foo = Vet 1, go) =
18. f(x) = g =1~ Vi
19. Let f(x) = ?f—z Find a function y = g(x) so that

(f ° g)x) = x

20. Let f(x) = 2x> — 4.Find a function y = g(x) so that
(f o g)x) = x + 2.

[ond PSR RRS

ng Graphs
21. The accompanying figure shows the graph of y = —x? shifted to
two new positions. Write equations for the new graphs.

=

Position (a) y=—x* .3" Position (b)

22. The accompanying figure shows the graph of y = x? shifted to
two new positions. Write equations for the new graphs.

y
Position (a)

X

Position (b)

-5

23. Match the equations listed in parts (2)—(d) to the graphs in the ac-
companying figure.

b y=(x—-27%+2

d y=(x+37-2

a y=@x-172-4
c._v={x+2}2+2
v
1

Position 2 L Position 1/

C

22\
. Position 3 /

| | |
24 -3 -2-ho|l 1 2
'\ Position 4

N/
/

N

(1,-4)

(-3.-2)

24. The accompanying figure shows the graph of y = —x” shifted to
four new positions. Write an equation for each new graph.




