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37.

38.

39.

CHAPTER 2

Use the four elements 4, b, ¢, and d and generate an
operation, #, that has all four addition properties.
Describe the operation in a table like that in Exercise
36. @

Return to the picture you drew in Mini-Investigation

2.5 about how addition and subtraction are different

and how addition and subtraction are alike. What

changes would you make to this diagram now? Explain
why. Answers vary.

Return to the definition of Jess than for whole numbers.

a. Why is £ > 0 an important part of the definition?
What would happen if it were omitted? <"

b. How would a definition of greater than based on
whole-number operations and the properties of
these operations differ from the definition of less
than? <

D. Communicating and Connecting Ideas

40.

Multiplication ang

Because subtraction is defined by using addition, you
could argue that subtraction isn’t an operation in its
own right—that all joining, separating, and comparing
situations could be described with an addition equation.

Section

Multiplication

41

42.

SETS AND WHOLE-NUMBER OPERATIONS AND PROPERTIES

With two or three other classmates, present an argu-
ment orally or in writing to support subtraction as an
operation having its own definition and symbolism. #
Historical Pathways. When recording on papyrus, the
Egyptians used a set of mathematical symbols that
included separate symbols for 1, 2, 3, 4,5,6,7,8,9, 10,
20, 30, 40, 50, 60, 70, 80, 90, 100, and so on. For exam-
ple, the symbol for 432 was written with the symbols for
400, 30, and 2 lined up next to each other. Addition with
these symbols probably required the use of extensive
addition tables showing the sums of each pair of symbols.
How might the scribes have dealt with subtraction? &

Making Connections. For many pairs of whole num-
bers, # and b, no whole number represents & — b. Thatis,
whole numbers are not closed under the operation of sub-
traction. Based on your carlier experiences in mathemat-
ics, describe the kinds of numbers that, when included
with whole numbers, bring closure to subtraction. What
physical situations could these numbers model? How
would these numbers be related to the set of whole num-
bers? How could these numbers be helpful when you use
subtraction to compare two whole numbers?

Division of Whole Numbers

Using Models and Sets to Define Multiplication = Properties of -,
+ Modeling Division = Using Multiplication to -
Define Division = Comparing Division to Multiplication = The
Division Algorithm for Whole Numbers

Tn this section, we use models to help explain multiplication and division of whole
numbers and the actions involved in these operations. We also examine the mathe-
matical definitions and properties of the operations of multiplication and division
and investigate the relationship between these operations.

+ Some real-world problems involving joining equal groups, separating equal groups, compari-
son, or combinations can be solved using multiplication; others can be solved using division.

Multiplying by x is the inverse of dividing by x (when x # 0).

« Properties of whole numbers apply to certain operations but not others.

- Two numbers can be multiplied in any order.

« The product of any nonzero number and 1 is the number.

. Three or more numbers can be grouped and multiplied in any order.

. Draw a |
comj
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Mini-Investigation 2.7 asks you to compare the operations of multiplication and

division.

Making a Connection

Draw a picture to illustrate your
comparison of multiplication
and division.

How are multiplication and division different, and how are they alike?

Using Models and Sets to Define Multiplication

Models for multiplication are similar to models for addition. Addition can be mod-
eled by joining two sets, and multiplication can be modeled by joining a certain
number of equivalent sets. When these sets are arranged in equal rows and columns,
as shown in Figure 2.20, this arrangement of the three equivalent sets is called a
rectangular array. In any multiplication model involving discrete objects, one
number represents the number of sets (rows) and one number represents the
number of objects in each set (row). The idea behind these models and the language

of sets is used in the following description of multiplication:

4 X bis the number of elements in the union of 2 equivalent sets, each containing

R b elements.

Addition also can be modeled by joining two directed segments along the num-
ber line, and multiplication can be modeled by joining a certain number of directed
segments of equal length, as illustrated in Figure 2.21. In any multiplication model
involving lengths, one number represents the number of segments being joined and

one number represents the length of one segment.

Joining equivalent sets

- (oo e

R
o Rectangular
O B array

oy
|

i
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1
i
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! |
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> 2 ;

3setsof 2 I

3x2=6. 3 rows, 2 in each row
3X2=6.

FIGURE 2.20
Multiplication as joining equivalent sets and as a rectangular array.

i

"
i
1

4X2=8.

FIGURE 2.21
Multiplication as joining segments of equal lengthon a

number line.
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10 feet

CHAPTER 2 SETS AND WHOLE-NUMBER OPERATIONS AND PROPERTIES

Wall to be tiled
10 X 8 = 80.

FIGURE 2.22
Multiplication as the area of a
rectangle.

Area Model. In an area model of whole-number multiplication, the two numbers
being multiplied represent the dimensions of a rectangle. The area of the rectangle
is the result of the multiplication. For example, if you are decorating 1-foot-square
tiles to cover a rectangular wall that is 10 feet high and 8 feet wide, you naturally ask,
“How many tiles do T need?” When you answer this question, you are demonstrating
a fundamental meaning of multiplication, as illustrated in Figure 2.22.

The area model is similar to the array model because the area of a rectangle with
whole-number length and width can be thought of as determining the total number
of unit squares when the number in each row and the number of rows are known.
However, the area and array models are different in that the rectangular dimensions
aren’t always whole numbers and in that the array model deals with discrete objects,
whereas the area model deals with a continuous region.

Using Repeated Addition to Define Multiplication. The idea that 5 X 3, for
example, can be found by putting together 5 sets with 3 objects in each set suggests
that 5 X 3 can be interpreted as 3 + 3 + 3 + 3 + 3. Thus we sometimes say that
multiplication is repeated addition.

P

A S A
i M‘%@ A

In the multiplication of whole numbers, if there are m sets with n objects
in each set, then the total number of objects (h +n+n+ -+ n where

n is used as an addend m times) can be represented by m X n, where mandn *
are factors and m X n is the product.

Using the Language of Sets to Define Multiplication. As described earlier, we
can use set language to complete a description of 2 X b as the number of elements
in the union of # disjoint equivalent sets, each containing b elements. Although this
description provides a possible definition of multiplication of whole numbers, let’s
consider another set idea that can be used to define multiplication, called the
Cartesian product of two sets. An example of the idea of an ordered pair used in the
definition is (cat, dog), which is a different ordered pair than (dog, cat).

L
Ll

The Cartesian product of twosetsAand B, A X B (read “A cross B") is the set
of all ordered pairs (x, y) such that x is an element of A and y is an element of B.

For example, if 4 = {1,2,3} and B = {p, g}, then 4 X B = {(1,p), 4, 9), @, p),
@, 9), G, 1), 3, ¢)}. Note thatsets 4 and B can be equal. Example 2.11 illustrates the
idea of a Cartesian product of a set with itself.

In a particular game of chance, a player’s turn consists of rolling a die twice. What
are the possible results a player could get on a turn? How many results are there?

fsolurion

A player could roll a 1 first, thena 1, 2, 3, 4,5, or 6 on the second roll. Similarly,
if 2 came up on the first roll, the second roll could be 1,2, 3, 4, 5, or 6. The entire
set of possibilities may be represented in the diagram on p. 91. Each die can be
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modeled by a set of six numbers, S = {1,2,3,4,5, 6}. The 36 resulting pairs of
numbers represent the Cartesian product, $ X S.
Number on second roll

1,2 3| 4|58

T2l aala.sae)
@122 (23]

2,4)/(2.5)1(2,6).
103.1)((3,2)|(3,3)[(3.4)(3.9),(3.6).
(4.1)](4,2)|(4,3)1(4,4)|(4,5)|(4.6).
1(5,1)1(6,2)|(5,3)1(5,4)1(5,5)(5.6)

(6, 1) 7(6, 2) (6., 3)17(6,‘.4)‘{(6, 5) (6, 6)»

ENETTR] O

Number on first roll

ﬁ*mua TURN

Practice: In another game, a player’s turn consists of two spins of a spinner, with
options 0, 1, 2, or 3 on the spinner. What are the possible results a player could get
on a turn? How many results are there?

Reflect: What generalization can you discover from the two problems in this
example? #

We now use the idea of Cartesian product to give a commonly used definition of
multiplication of whole numbers.

ERR R Sanae LAY, S R
In the multiplication of whole numbers, if A and B are finite sets with a = n(A)
and b = n(B), thena X b = n(A X B).In the equationa X b = n(A X B),a
and b are called factors and n(A X B)is called the product.

The essential idea of the definition is that # X & is the number of elements in the
Cartesian product of two sets, one set containing 4 elements and the other set con-
taining b elements. Multiplication as the representation of a Cartesian product can
occur in a variety of physical situations. As illustrated by Example 2.12, they include
counting combinations and rectangular arrays. Useful problem-solving strategies
include “act it out” or “draw a diagram.”

Problem Solving: Color Combinations for Invitations

Suppose that you are using construction paper to make invitations for a club func-
tion. The construction paper comes in blue, green, red, and yellow, and you have
gold, silver, or black ink. How many different color combinations of paper and ink
do you have to choose from?

Working Toward a Solution

What does the situation involve? ___ Selecting colors of paper and colors of ink for invitations.
What has to be determined? __ The number of different combinations: ...
What are the key data and Four colors of paper; three colors of ink.

conditions?
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Develop a plan

What are some assumptions?

What strategies might be useful?
Are there any subproblems?

Should the answer be estimated

or calculated?

What method of calculatton should
be used?

How should the strategles be used 7

~ paper.

SETS AND WHOLE-NUMBER OPERATIONS AND PROPERTIES

|tatron combmes one color of paper and one color of lnk

Act it out or draw a diagram. _

Find the number of different invitations that can be made with blue

Calculate the exact number

Use the diagram to count.

Implement the plan Use a chorce or tree, dragram to match each possrble chonce of
paper with each choice of ink.
=== Gold
; S/ Blue é.:;ﬁ Silver
Ve Meeeo- Black
/
s
yd == Gold
v'/'
[
<
N, T === Gold
\\ - Red < Silver
\ S Black
,\\
\ == Gold
e Yellow «{:——“MW Silver .
"o Black
What is the answer? Four kmds of paper, each with three colors of mk make 12
P —. - - - S e vt S o e 2 Ao Comblnatlons - O T Py
Look back Is the mterpretatron correct7 3 _ Check: The dragram ﬁts the problem .

ks the calculation correct?

Is the answer reasonable?

Is there another way
to solve the problem?

Yes. Three chorces of mk for each color of paper would triple the
__kinds of invitations made with one color of ink.

As shown, you can use an array of ordered pairs to hst the klnds of
invitations. Or you can use a multiplication equation:

4 X 3 = 12 combinations. '
In the array of ordered pairs, each color of paper is matched with
each color of ink in an ordered pair that describes an
invitation.

Gold Silver Black
Blue (B, G) (B, S) (B, Bk)
Green (GR, G) (GR, 3) (GR, Bk)
Red (R, G) (R, S) (R, Bk)
Yellow Y, G) (Y, s) (Y, Bk)

g‘{au& TURN

Practice: From a committee, one woman’s name will be drawn and one man’s
name will be drawn to see who serves on a community advisory board. If 9 women
and 11 men are on the committee, how many different possible combinations of
one woman and one man are there?
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Reflect: What solution to the practice problem is suggested by the Cartesian
product definition of multiplication? #

= SRR
Although multiplication is usually first introduced in the early grades as joining equivalent
sets or as repeated addition, young students need to experience the other actions
connected to multiplication. These experiences include looking for all possible pairs,
finding the number in an array, and finding the number of tiles in a rectangle. They provide
for a broader understanding of the concept of multiplication and its use in counting
outcomes for sample spaces in probability and in determining areas and volumes of surfaces
and solids.

SRR

Properties of Multiplication

As the pirate in the cartoon in Figure 2.23 seems to know, multiplication, like
addition, is commutative. The properties that are important in addition—the closure
property, the identity property, the commutative property, and the associative
property—also hold for multiplication.

HERMAN

1113 © 1991 Jim Unger/Distributed by Universal Press Syndicate

FIGURE 2.23
“Can you change two pieces of eight for eight pieces of two?”

Herman © is reprinted with permission from LaughingStock Licensing Inc.,
Ottawa, Canada. All rights reserved.
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We summarize the properties of multiplication as follows:

Closure property For whole numbers a and b, a X b is a unique
! whole number. ‘ ,
! Identity property There exists a unique whole number, 1, such that
: 1 X a =a X 1 = afor every whole number a. 4
: Thus 1 is the multiplicative identity element. 1
Commutative property For whole numbers a and b,a X b = b X a.
3 Associative property For whole numbers a, b, and ¢,

(aXb)Xc=aX(bXc).

% Zero property For each whole number g,
i aX0=0Xa=0.

. Distributive property of For whole numbers g, b, and ¢, e
| multiplication over addition a X (b + ¢) = (a X b) + (a X ¢).

Figure 2.24 shows one way to verify the commutative property of multiplication. :
The properties of multiplication different from the properties of addition include ,
a different identity element for the identity property and the zero property. The ]

distributive property of multiplication over addition connects the two operations.

Identity Property of Multiplication. According to the identity pioperty of
multiplication, there is a specific whole number, one, that when multiplied by a
whole number, #, leaves # as the product:

One is the unique whole number such that for each whole number 4,2 X 1 = 1 Xz = 4. |

»

"Thus, 1 is called the multiplicative identity element.

Zero Property of Multiplication. The zero property of multiplication states ;
that, whenever 0 is used as a factor, the product is always 0:

For each whole numbera, 2 X 0 = 0 X # = 0.

"This property is important because 0 can often hide the value of another number in
multiplication. For example, in the equation # X & = 0, # could be any number if

b = 0. The zero property of multiplication also leads to an important conclusion |
about division developed on p. 99.

Distributive Property of Multiplication over Addition. The distributive |
property of multiplication over addition connects the operations of multiplication ;
and addition. In general,

For whole numbers 2, b,andc,a X (0 + ) = (@ X b) + (@ X )and (I + ¢©) X 2 = |
& Xa)+(Xa).

"This property may be used to generate unknown multiplication facts from known
ones and may be represented by looking at an array model from two different view-
points, as shown in Figure 2.25.




The commutative property of multiplication is a useful property for learning related basic
facts. The following page in an elementary textbook shows a real-world model for the
commutative property of multiplication.

Activily
Does it matter in what order you multiply?
" Lynn multiplies two different ways to find how many squares
. are in her quilt.
* First she holds her quilt like this. Then she holds the quilt like this.

A

XXX

XX XX XX X 4 rows

3 rows A
XX XX 4 in each row X X X[ 3 in each row

XXXX XXX
4+4+4=12 3+3+3+3=12

3 x4 =12 4 x 3 =12
 There are 12 squares in Lynn’s quilt.

The Commutative (order) Property of Multiplication says
. you can multiply in any order and the product is the same.
50,3 x4 =4X3. | Think 1t Fhrough
" a. Make two arrays with counters to show that 3 x 2 has I'can use objects %
the same product as 2 X 3. Write a multiplication L‘;i‘}m,:gf';,‘n l
sentence for each array you made. | any order.

. i
* b. How do the arrays below show the Commutative b

Property of Multiplication?

FIGURE 2.24

Source: Scott Foresman—Addison Wesley Mathemdtics, Grade 3, p. 263. © 2004 Pearson Education.
Reprinted with permission.

What other real-world models of the commutative property of multiplication can you
think of?
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1
W
1
3x6+00 O O O OO
DAL
1 -
H®)
13x1

3X((B5+1)=3X%X5)+((3X1).
! FIGURE 2.25
Array model of the distributive property
of multiplication over addition.

The identity property, commutative property, zero property of multiplication, and the
distributive property of multiplication over addition may be used to help students learn
multiplication facts. Of the 100 products with factors of 0-9, 19 have a factor of 0, and

17 more have a factor of 1. Seeing the patterns caused by the zero and identity properties
automatically allows students to know 36 of the basic multiplication facts. Of the other

64 products, 8 are doubles (a X a), leaving 56 products. The commutative property can be
used to help students remember half of these products once the other half has been learned.
For example, if a student knows 7. X 8, the student then knows that 8 X 7 is the same. The
“remaining 28 products can be coﬁnécted to known products by using the associative or dis-
tributive properties. For example, 6 X 7 can be thought ofas (6 X 6) + 6,an application
of the distributive property of multiplication over addition, and 5 X 4 can be thought of as
(5 X 2) X 2, an application of the associative property of multiplication.

AT

&

e S S ST R A o
Modeling Division

@ Division of whole numbers may be modeled by separating a set of objects into equiv-
: alent subsets and asking appropriate questions. Division may also be represented
with continuous models such as lengths and areas, but we focus primarily on the set
models.

Finding-How-Many-in-Each-Subset Model. One model for division involves
separating a set into a known number of equivalent subsets and asking the question,
“How many are in each subset?” The following real-world situation illustrates this
model. Suppose that the envelopes containing the 300 invitations to a club function
need to be bundled for distribution and that 25 large rubber bands are available to
wrap around the bundles. When you bundle the set of 300 envelopes into 25
bundles and ask the question, “How many invitations are in each bundle?” you are
demonstrating a fundamental meaning of division, as illustrated in Figure 2.26.

If you think of starting with the 300 envelopes and 25 rubber bands, you could
share envelopes with the rubber bands by placing one envelope in each rubber band
in turn until all the envelopes are distributed. Then you could count the number
held by each rubber band. This approach suggests a sharing, or partitioning,
model of division.

Finding-How-Many-Subsets Model. A second model for division involves
separating a set into equivalent subsets of known size and asking the question,
} “How many subsets?” Figure 2.27 illustrates this model. To understand Figure
l 2.27, suppose that 300 invitations to a club function have been placed in envelopes
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A total of 300 envelopes, with 25 bundles. How many in each bundle?

ey e — = e W e
L & 7 % ? ;;/(: S~ —A /- Y5
{ it v fod ~~-.-~;%’$s—t——»—»-ﬁ—«'w—»-w—‘»?'/:/ s & f : {v};’/'
; = : | = £ Essa—— 2 e
é&*‘“ﬁ'i‘% ''''' = . =271 7 CZ-:-‘-‘__«%
y Vi Vouwswny Yoo

300 + 25 = 12.

FIGURE 2.26
Partitioning model: Division as separating and finding how many in each subset.

A total of 300 envelopes, with 25 in each bundle. How many bundles?

300 + 25 = 12.
FIGURE 2.27
Measurement model: Division as separating and finding how many subsets.

that must be bundled for distribution. A stack of 25 envelopes seems to be
convenient for bundling (and easy to count when combining bundles). When you
bundle the set of 300 envelopes with 25 in each bundle and ask the question, “How
many bundles are there?” you are demonstrating a fundamental meaning of
division.

If you think about removing bundles of 25 to putin a mailbag, you could ask the
question, “How many bundles (subsets) of 25 can be taken away from 300?” This
question suggests a repeated subtraction, or measurement, model of division.
You could think about taking away bundles (units) of 25 envelopes at a time and
write 300 — 25 — 25 — 25 — --- = 0. By counting the number of 25s subtracted
to end up with 0 envelopes, you find the number of bundles that can be made and at
the same time show that 300 + 25 = 12.

Mini-Investigation 2.8 is intended to help you extend your understanding of
these two models for division of whole numbers.
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Talk about which of the divi- Solving a Problem

sion models represents a :
process of one for Jim, one for  What two problems can you state that can be solved by using the division 24 + 6

Jan, one for Sue, and so on, and that llustrate the two models of division described in Figures 2.26 and 2.277
that you might use to share
some items with some friends.

Fxample 2.13 provides a brief look at how continuous models rather than dis-
crete set models might be used.

Problem Solving: Art Supplies

Solve the problems in parts (a) and (b) and indicate which problem is a continuous
counterpart of the finding-how-many-subsets model and which is a continuous coun-
terpart of the finding-how-many-in-each-subset model:

i a. Mrs. Chance has a roll of butcher paper 50 feet long. She wants to cut it into
2-foot lengths for her students to use in art class. Will she have enough for her
class of 22 students?

b. Mrs. Chance has a roll of butcher paper 50 feet long. Only 10 students want to
work with butcher paper today. If she wants to distribute the entire length of
paper equally to the 10 students, how much paper should she give each of
them?

ﬁsmmmw

a. Mrs. Chance wants to find the number of 2-foot pieces of paper in a 50-foot
roll, so she divides: 50 + 2 = 25, or enough paper for 25 students. Because she

, knows the total length and the length of one piece and is trying to find the

; number of pieces, this problem is similar to finding how many subsets.

‘ b. Mrs. Chance has 50 feet of paper and wants to find the length of a piece that

! she can cut for each of 10 students, so she divides: 50 + 10 = 5, or 5 feet of

l

'

paper for each student. Because she is trying to find the length of each piece,
this problem is similar to finding how many in each subset.

i §v0ua TURN

Practice: Solve problems (a) and (b), and tell which model of division applies to
: each solution:

a. Rikki has 36 feet of ribbon to use in wrapping presents. If each present takes 4
feet, how many presents can she wrap with the ribbon?

b. Rikki has 36 feet of ribbon to use in wrapping presents. If she has four pres-
ents to wrap, what is the maximum amount of ribbon she could use for each
present?

Reflect: In general, what question does division answer when you know the total

length of a strip and are given the following information?

a. the length of each piece
b. the number of equal pieces to be cut &
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Using Multiplication to Define Division

Division as the Inverse of Multiplication. The following real-world situation
helps explain the special relationship between multiplication and division. How
many tables that seat 8 people will you need to provide banquet seating for 72 el
people? You might naturally firse think about the number sentence ? X 8 = 72.

However, to find the missing number of tables, you might actually complete the

division 72 = 8 = ? Note that the answer to the division in the second number

sentence is the missing factor in the first number sentence. This situation illustrates ;
the idea that multiplication, represented by putting several equivalent sets together,
and division, represented by separating a set into several equivalent subsets, are
inverse operations. That is, in doing multiplication, you multiply two factors to |
find a product, whereas in doing division, you divide the product by one factor to
get the other factor: |

Factor Factor  Product

9 X 8 = 72
Product Factor  Factor
72 -+ 8 = 9

So the answer to a division sentence is one of the factors in the related multplica-
tion sentence. This outcome suggests the following definition:

faln

In the division of whole numbersaand b, b # 0,a ~ b = ¢ if and only if ¢
is a unique whole number such thatc X b = a. In the equation, a = b = ¢,
a is the dividend, b is the divisor, and ¢ is the quotient. The operation

a + b may also be written as { or as ba. '

Division as Finding the Missing Factor. The inverse relationship between
multiplication and division is the basis for a slightly different view of division: .
finding the missing factor. That is, in multiplication you know two factors and find
the product. In division, you know the product and one factor and find the other
factor:

Product Factor  Factor
36 -+ 3 0= ?

When asked to find the quotient 36 + 3 = ?, think of 36 as the product and 3 as
one of the factors. Then ask, “What factor multiplied by 3 gives the product 36?7

Why Division by 0 Is Undefined. The view of division as finding the missing
factor helps you deal with the division when 0 is involved. Equations sach as
8 = 0 = ? have no whole number that when multiplied by 0 gives 8 or any number
other than 0. For the equation 0 + 0 = ? every number multiplied by 0 gives 0.
Because equations such as 8 <+ 0 = ? have no solution and the equatdon 0 + 0 = ?
has infinitely many solutions, division by 0 is said to be undefined. In other words,
the definition for division cannot be applied to a divisor of 0. However, dividing 0
by another number, say, 0 + 8, gives the quotient 0.
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Comparing Division to Multiplication

:
~ Because the operation of division is defined in terms of multiplication, a natural ques- |
{ tion is whether the properties for multiplication of whole numbers hold for division. .
’ We examine this question in Example 2.14 by looking for counterexamples for each

of the properties of multiplication as they relate to division of whole numbers.

Comparing Multiplication and Division Properties

i Does whole-number division have the closure property?

ES{'}LU’HON

As with multiplication, division of whole numbers would have the closure property
provided that when we divide two whole numbers, the quotient is a unique whole
| number. As 11 + 3 doesn’t have a whole-number answer, it serves as a counterex-
b ample proving that division is 7ot closed for the set of whole numbers.

Evmm TURN

i Practice: Provide counterexamples showing that the commutative, associative, and
distributive properties for multiplication of whole numbers don’t hold for division.

Reflect: Why is 1 7ot the identity element for whole-number division? # *

The counteresamples presented in Example 2.14 demonstrate that division doesn’t
have the same properties as multiplication. . '
Now that we have explored the operations of addition, subtraction, multiplica-
tion, and division, we need to take a brief look at how they relate to one another. As
! Figure 2.28 shows, the inverse relationship between addition and subtraction paral-
lels the inverse relationship between multiplication and division. Also, the.repeated
addition relationship between addition and multiplication parallels the repeated

l subtraction relationship between subtraction and division. |
i The Division Algorithm for Whole Numbers

’ Although the mathematical definition for division of whole numbers restricts its use

‘ ‘ to numbers that “come out even,” as in 24 + 4 = 0, whole-number division is often -
‘ used to model physical situations that involve making groups of equal size whereby 1

part of a group is “left over.” For example, if you are setting up a conference room :
for 25 people and want to have 4 people at each table, you might find 25 + 4 and
note that you could have six full tables with 1 person left over. In such situations
when we want to describe 2 + b (b # 0) and no whole number ¢ exists such that

s e S

| ' : -
Y Inverse y
()¢ operations ! J
Repeated Relationships Repeated
addition between subtraction
operations
N Inverse
<?<,/‘—_——0peraﬂons

FIGURE 2.28
; Relationships between operations.
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¢ X b = a, we use the division algorithm. Essentially, it extends the definition of
division to include the possibility of a remainder.

For any two whole numbers a and b, b # 0, a division process fora + b can
be used to find unique whole numbers g (quotient) and r (remainder) such
thata = bg + rand 0 = r < b.Fora=25b=4q=6andr =1,
25 = (4 X 6) + 1.

In vertical form, we write

6 remainder 1
4)25
=24 (4 X 6)
1

We can also use a calculator with integer division capability to illustrate the divi-
) sion algorithm. For example, using integer division to express 25 <+ 4 may resultin Lk
the following screen: j

In the symbolism of the division algorithm, 2 = 25 and » = 4. The calculator pro-
duces the quotient, Q = 6, and the remainder, R = 1. From the calculator display,
we can conclude that 25 = (4 X 6) + 1. Based on this example, you should be able
to predict what will be displayed on the following screen when you press
and to express the data in a form described in the division algorithm:

145 INT= 7

Mini-Investigation 2.9 extends the meaning of the division algorithm.

Talk about how the idea of the Using Mathematical Reasoning

division algorithm would ‘ e e e S
change if these words were Why is the phrase *and 0 = r < b” included in the definition of the division
omitted from the definition. algorithm for whole numbers? '
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5 2

being solved. In t

I
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for Sectigﬂ_%:i B

A. Reinforcing Concepts and Practicing Skills

1. Use sets to verify the following products:
a. §X4=32 & b. §x 10=750
c. 6% 0 =0 Show the union of 6 cmpty scts.
2. Use lengths on a number line to verify the following

products:
a. §X4=32 & b. § X 10=750 &
c. 6X0=0 %
3. Use a rectangular array to verify each of the following
i products:

a. 8 X 4 =132 & b. §x 10 =50 =
c 6 X0 =0 Noarmy, or rectangle, of 0 length
4. Create a word problem involving joining equivalent sets
to go with the equation 4 X 30 = 120. =
5. Create a word problem involving joining segments of
equal length to go with the equation 4 X 30 = 120. =~
6. Write a multiplication equation and find the area of

each of the following rectangles:
a. a rectangle 12 units high and 6 units wide <&
‘ b. a rectangle 42 units high and 1 unit wide =

c. arectangle 5 units high and 4% units wide <~

Write a multiplication equation for and find the answer to each of
the following questions in Exercises T-9.

7. 1f a furniture manufacturer has four styles of chairs and
six different upholstery fabric choices for each chair,
how many different chairs can be made? "

8. A gift basket store sells three kinds of chocolate, five
kinds of cheese, and three kinds of gourmet coffee. If
the store has a special on a basket that contains one
selection each of chocolate, cheese, and coffee, how
many different basket specials can be made? %"

9, If a department store wants to advertise 64 different gift
wrappings (based on a choice of one type of paper and
one color of bow), how many different types of

SETS AND WHOLE-NUMBER OPERATIONS AND PROPERTIES

For children, learning about and using ope
facts and properties. Using an operation also requires practical, common-sense reasoning.

For example, if 27 students are going on a field trip an
many cars will be needed for the field trip? This situation is one of forming equivalent sub-
sets, so the problem can be solved by using ideas from the division algorithm: 27 + 4 = 6

full cars and 3 students left over because (4x6)+3=
need to be able to interpret the results of the division algorithm in terms of the problem
his case, the answer to the problem is that seven cars will be needed for

everyone to be able to go on the field tri

rations involves more than just memorizing basic

d each car will hold 4 students, how

27 and 0 < 3 < 4. Students

ip.

G R e

R

wrapping paper and colors of bows should it plan to
have on hand?

10. For the equation, 25 X 4 = 100, create an accompany-
ing word problem involving
a. a Cartesian product. Sce Fxercises 7-9 for examples.
b. an array. ¥
c. the area of a rectangle. &

11. Which properties verify the following conjectures?
Model each sitnation with an appropriate equation or
mathematical description. :
a. To remember 8 X 4, 1just need to remember 4 X 8. @
b. Its easy to multiply with 0. It doesn’t even matter

what the other factor is. Zero propetty of muldplication

. T can never remember what 8 X 6 is. But I can

remember that 8 X § is 40. So I mentally add on one
more 8 to get 48. "

d. Talmost made a mistake on my worksheet because in
one place I put that 9 X 3 is 27 and in another place
I put that it is 29. But I know that it has the same
answer every time, so I checked them both to see
which one was right. ="

I like to multiply by 10 or 100. The digits just move

to different place-value positions. <~

12. Use the distributive property of multiplication over
addition to find each product:

2 (0+5)X3 75 b 4X(S+6) 4

c. (x + 10) X Bx + 2) 3t A4 320 4+ 20

€

For the equation 24 + 6 = 4, create an accompanying word
problem for each situation in Exercises 13-17.

13. Separating a set into same size equivalent sets ¥

14. Separating a segment into same-length segments <"
15. Separating a setintoa specific number of equivalent sets
16. Separating a segment into 2 specific number of seg-

ments of equal length &
17. Finding the missing factor <"
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SECTION 2.3

Use a calculator and repeated subtraction to find each of
the following quotients:

a. 143 + 11 & b. 108 + 9 =

¢ 1,404 + 52 Subtract 52 twenty-seven tines

Use the definition of division to rewrite the following
division equations as multiplication equations. If possi-
ble, find a2 whole-number value for each variable to
make the statements true.

a 18+ 6=mn @ b. 25 +x =5 @&
cy+42=12 = d 0+b=c

Use the definition of division to determine the division
equations that are related to each of the following mul-
tiplication equations:

a IS X3 =n & b. 9Xy=9 &
c.rXs=¢ % d. 8xX0=0 =

Use the division algorithm for whole numbers to find each
quotient and remainder, and then justify your answers:
a.26+3 8R2;8(3) + 2 =26

b. 292 + 21 3R 19;21(13) 4 19 = 292

¢ 4+ 7 ORAKO7) + 4=

8

Deépanéng Understanding

. Study the following diagram:

Addition

1

— "

{ | Multiplication_
‘ |

| |

| i, |

|

|

|

i. Characteristics of addition that are different
from multiplication

ii. Characteristics that are common to
both operations :
iii. Characteristics of multiplication that are
different from addition
a. Complete the diagram to illustrate how the character-
istics of multiplication and addition of whole numbers
compare.
b. Prepare a similar diagram for subtraction and division. =
Predict the number of ordered pairs that will be gener-
ated from the Cartesian products in (a)—(c). Then find
the Cartesian products and compare the number of
ordered pairs in each one to your predictions. [Hint:
Make a three-column (predicted 7(C), C, and actual
#(C)), three-row (4, b, ¢) table and record your answers.]
a {1,2,3,4 X {} = C =
b. {r,s,t} X {a,b} = C &
c {#} x{56,7,8,9}=C =
d. Write the multiplication equation related to each of
the Cartesian products. &

MULTIPLICATION AND DIVISION OF WHOLE NUMBERS

24.

25.

26.

27.

28.

29.

30.

103

Using the union of two sets to define addition requires
that the sets be disjoint. Is that condition necessary for
the two sets in the Cartesian product definition for
multiplication? Why or why not? Give an example to
support your response.

What role does multiplication play in our base-ten
numeration system? '

The product 12 X 6 can be found by thinking, (10 +
)X 6= (10 X 6) + 2 X 6) = 60 + 12 = 72.

a. What properties of multiplication are being used?
b. Use these properties to verify the product 12 X 64.
Use the distributive property of multiplication over
addition to rewrite each of the following sums as the
product of two factors, where one of the factors is a sum:
a. 4os + 161 (s + 1)

b. 2742 + 8la + 9 9Ga’ + 9r - 1)
c. 24a + 14b + 20c 2(i2¢ + 76 -+ 100

The basic facts table for multiplication of whole num-

‘olo !

i
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10/15/20125|3035 4045
12118124 130/36 142148 54
14/21]2835 1424915663
16]24/3240 48|56 6472
1812713614554 16317281
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a. Describe how the closure property of multiplication

is reflected in the table. =

Describe how the multiplicative identity property is

reflected in the table. «¥

c. Describe how the commutative property of multipli-
cation is reflected in the table. &

d. Describe how the zero property of multiplication is
reflected in the table. ==

e. Describe how the distributive property of multipli-
cation over addition can be illustrated by the table.

f. How are these properties important in learning basic
multiplication facts? Answers vary.

How can the multiplication table be used to solve divi-

sion equations?

Division can be used to model both separating a quan-~

tity into groups of a given size and separating a quantity

into a given number of groups of equal size.

a. How are these situations different? (For example,
what different questions are asked? What different
actions are represented?) =

b. How are these situations alike?

b

b
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Consider the following statement: (g X 12) + r = 64.

a. Identify all possible pairs of whole numbers for ¢ and
7 that make the sentence true. “"

b. Which pairs of values for ¢ and 7 satisfy the division
algorithm for whole numbers? ¢ -« 5 and » = 4

¢. What could happen if the division algorithm didn’t
include the restriction that  is greater than or equal
to 0 and less than the divisor? ="

The distributive property of division over addition has

the form
For whole numbers 4, 4, and ¢, with¢ # 0, (@ + b) + ¢ =
(@ =+ ¢) + (b + ¢), provided that whole number quotients
exist for cach division expression.

a. Identify four sets of three whole numbers that
illustrate this distributive property of division over
addition. =

What patterns do you see in these sets of whole
numbers?
Why does the distributive property of division over

addition work only in particular formats?

.

&

. Reasoning and Problem Selving

33.

34

Describe as many patterns as you can find in the multi-
plication facts table in Exercise 28. Use the commuta-
tive, associative, and distributive properties to explain
why these patterns occur. Answers vary.

Consider the data shown in the following picture graph
and frequency chart. Answers vy

Picture Graph

‘Favorite leisure pastime |

o

Reading

=5

Audiovisual

Crafts Sports
: 1 recreation
S ERIEE L I
% e b

f%l = 5 students.

Frequency Chart
. § Audiovisual
Reading Crafts Sports recreation
- Frequency 2 2 ? 33

a. Write two multiplication word problems and two
division word problems reflecting the relationship
between the data in the graph and the chart.

b. Write an equation that represents the solution to
each of your problems. Could either solution be rep-
resented by more than one equation?

35.

36

37.

38

e

39.

40.

D.
g 41.

SETS AND WHOLE-NUMBER OPERATIONS AND PROPERTIES

The Candy Dish Problem. Eleanor made a deal with
her mom. When she opened a bag of candy to put in her
mom’s four candy dishes, she would put an equal
amount in each dish and then get to eat the ones left
over. Last year, her mother received three new candy
dishes as presents, and Eleanor believes that she has
been getting to eat more leftover candy this year. Could
that be true? Explain why or why not.

Consider an equation that involves both multiplication
and division of whole numbers: Answers vary.

a X b + ¢ = g (with remainder 0 = r < ¢).

Taking into consideration the use of the division
algorithm to allow a remainder, make predictions
about what happens to ¢ and » when # increases,
when # decreases, when ¢ increases or decreases,
when # increases and ¢ decreases, and so on.

Test your predictions using a spreadsheet or graph-
ing calculator.

State your conclusions in statements such as, If # and
b both increase, then g . . ..

Arrange your conclusions into two categories: ¢
decreases if . . .; and ¢ increases if . . . .

Share your categories with other students and look
for patterns.

Which of the following sets of whole numbers has
(have) the closure property for multiplication? <
a. {1,3,6} h
b. {0,1}

c. {10, 20, 30,40, .. .}

d. {0}

e. the set of even whole numbers
f. the set of odd whole numbers

Tiue or false? No finite subset of whole numbers has

a.

[

o

the closure property for multiplication. Support your .

answer. #°

Why can’t 0 be used as a divisor? Use the definition of
division to explain why the following statements are
true:

a. 0+2=0.
b. 2 + 0 is undefined. =
c. 0 + 0 is undefined.
Return to the picture you drew in Mini-Investigation
2.7 to show the similarities and differences between
multiplication and division. What changes would you
make to this picture now? Why? Answers vary.

i

Communicating and Connecting ldeas

The traditional sequence for teaching operations in
the carly grades is addition first, followed by subtrac-
tion, multiplication, and division. Some early arith-
metic texts addressed the four operations in the order
of addition, multiplication, subtraction, and division.
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~ Numeration

With a team of classmates, present a debate, in written
or oral form, presenting reasons for and against each
approach. Answers vary.

Historical Pathways. Various definitions have been
proposed throughout history for whole-number multi-
plication and division. An early (1677) definition of
multiplication stated, “Multiplication is performed by
two numbers of like kind, for the production of a third,
which shall have such reason [ratio] to the one, as the
other hath to unite [unity, or the number 1]” [Smith
(1953), p. 103]. This definition could be restated as

Section

In this section, we examine symbols used to represent whole numbers, with an
emphasis on clarity and efficiency of communication. We consider some early
methods of representing whole numbers and compare them with the system for

SECTION 2.4 NUMERATION 105

4 X b=c¢ means that ¢ + 2 = b + 1. Compare this
definition to the definitions of multiplication used in
this section. Answers vary.

43, Making Connections. For many pairs of whole num-

bers, 2 and 4, no whole number represents # + b. What
types of numbers are needed to bring the closure prop-
erty to division? What physical situations could these
numbers model? How would these numbers be related
to the set of whole numbers? How could these numbers
be helpful in using division to compare two whole
numbers? ractions; additional vesponses vary.

Numeration Systems = The Hindu—Arabic Place-Value
Numeration System = Other Early Numeration
Systems = Comparing Numeration Systems

representing whole numbers that is used today.

# For any number, the place of a digit tells how many ones, tens, hundreds, and so forth are
represented by that digit. A digit times its place value gives the value of the digit. You can
add the value of the digits together to get the value of the number.

= Each place value to the left of another is 10 times greater than the one to the right.

= The structure of the base-ten numeration system produces many numerical patterns.

* Place-value periods (thousands, millions, billions, etc.) are used to read and write numbers.

% Whole numbers can be named in equivalent ways using place value.

= Whole numbers can be compared by analyzing corresponding place values.

Mini-Investigation 2.10 may help broaden your ability to communicate number

ideas.

the strengths and weaknesses of

Write a paragraph evaluating

each of your methods.

Communicating

Without using the number symbols 0~9 or the number words zero, one,

two, . . . nine, devise three different ways to communicate to someone else the
number of people in your class.
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27. (a) Associativity of addition and base-ten place value

(b) One possibility: A pattern in the 9s facts, i.e, 9 + 3 = 12,
9+ 4 = 13, etc.

28. (a) Ifa set, S, is closed under an operation, the result of
the operation on any element(s) of S is a unique element in
S. Each cell in the table contains exactly one whole number.
(b) The 0 row and 0 column are identical to the row and
column representing the other addend.  (c) Since the top
right of the table is the mirror image of the bottom left,
a+b="b+a

29. 4 < bif and only if  is to the left of b on the number
line.

30. Answers vary. (a) Addition: How many students had
lunch at school on Monday? Subtraction: How many more
students had lunches from home on Monday than Tuesday?
(b) 11 + 12 = ? 11 — 6 = ? Subtraction problems can also
be written as 11 = 6 + ?

32. The application of the mathematical relation

14 — 8 = 6 to a variety of physical situations demonstrates
the generality of mathematics.

33. (a-e) If # increases, e increases; if # decreases, ¢ decreases;
if ¢ increases, e decreases; if ¢ decreases, e increases; if #
increases and ¢ decreases, ¢ increases.

35. False; S = {the odd numbers} is an infinite set not closed
under addition.

37. Answérs vary. The following table shows one possibility.

# a b c d
a a b c d
b b c d a
c c d a b

d d a b c
39, (a) If the condition # > 0 were omitted from the defi-
nition of less than, it would be possible for £ = 0; if so, by
the revised definition, 2 < 2 because there would be a
k= 0suchthat2 + 0 = 2.
(b) For a definition of greater than, 2 > bonlyifak > 0
exists such that 2 = b + k or such thatz — k = b.
40. Answers vary. You could remove objects from a set or
move left on a standard number line.
41. Answers vary. Scribes would have to look in the center
of the table for the appropriate sum in the row or column
of the addend that is being subtracted and then read the
other addend from the row or column that forms the inter-
section at that sum.
42. Answers vary. Some include deficits, losses, tempera-
tures below zero, and elevations below sea level.

SECTION 2.3

1. (a) Show the union of 8 disjoint sets each with four ele-
ments. (b) Show the union of five disjoint sets each with
10 elements.

Chapter2  A-5
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4. If each of 4 children received 30 pieces of candy on
Halloween and put all the candy in a bag to share with their
classmates, how many pieces of candy are in the bag?

5. If 4 students are running a relay in which each student
runs 30 meters, how long is the race?

6. (a) A = 12 units X 6 units = 72 square units
(b) 42 units X 1 unit = 42 square units

(©) g units X 45 units = (ZZZ X 4b> = 2bb square units

7. 4 chairs X 6 upholstery = 24 covered chairs

8. 3 chocolates X 5 cheeses X 3 coffees = 45 baskets

9. w wrapping paper types X ¢ bow colors = 64 paper-
bow combinations
10. (b) How many stamps are in a book with 25 pages of
4 stamps each? (c) What is the area of a garden 25 feet by
4 feet?
11. (a) Commutative property of multiplication (c) Dis-
tributive property of multiplication over addition (d) Clo-
sure propetty of multiplication (e) Associative property of
multiplication
13. A teacher has 24 geoboards and wants to put them in
boxes that will hold 6 each. How many boxes does she need?
14. A shop teacher cut a 24-inch piece of wire into 6-inch
segments. How many pieces were made?
15. A teacher has 24 geoboards and wishes to share them
evenly between 6 groups of students. How many geoboards
will each group get?
16. A shop teacher had a piece of wire 24 inches long. He
bent the wire into 6 pieces of equal length. How long was
each straight piece?
17. A teacher made 6 tests, each with the same number of
questions. The total number of questions was 24. How
many questions were on each test?



A-6 Answers

18. (a) Subtract 11 thirteen times  (b) Subtract 9 twelve times
19. (@ 18=6Xmn=3 (b)25=5Xxx=75
(©)y=42x126=5292 (d)0=0bX¢bh+#0,50c=0
20 @ 1S5=n+33=n+15 (b)9=9+y
y=9+9 (Qr=t+ss=t+r (d0=0+38

22. (a) i. The identity symbol for addition is the zero symbol
for multiplication. ii. Multiplication and addition are asso-
ciative, are commutative, have closure, and have an identity
property. iii. Multiplication has a zero property; addition
does not. Multiplication distributes over addition and sub-
traction; addition does not distribute over other operations.
(b) Neither subtraction nor division is closed, associative,
commutative, has an identity element, or has a zero element.
Division does distribute over both addition and subtraction.
23. (a) {1, 2, 3,4} X {} = {}; no ordered pairs.

®) {r, s, 8} X {a, 8} = {(r, 2), (r, 1), (5, 4), (s, D), (t, @), (&, D)};
6 ordered pairs  (¢) {4} X {5,6,7,8,9} = {(s,9), (4, 6),

(2, 7), (a, 8), (&, 9)}; S ordered pairs (d)4 X 0 = 0;
3X2=61X5=35.

24. Noyif S = {2, 8}, T = {4, 0},S X T =

{(a, @), (a, b), (b, a), (b, b)}. 25. Itisused to generate the
numerical value of each digit according to the place it is in; for
example, 123 = (1 X 100) + (2 X 10) + 3 X 1).

26. (a) Closure for multiplication; distributive property of
multiplication over addition (b) 12 X 64 = (10 + 2) X
60 + 4) = (10 X 60) + (10 X 4) + (2 X 60) + (2 X 4) =
600 + 40 + 120 + 8 = 768.

28. (a) Ifaset, S, is closed under an operation, the result of
the operation on any element(s) of S is a unique elementin S.
Each cell in the table contains exactly one whole number.

(b) The 1 row and 1 column are identical to the row and col-
umn representing the other factor.  (c) Since the top right
of the table is the mirror image of the bottom left,
aXb=10bXa (d) TheOrowand 0 column contain all
0s. (e) For example, if you add the 2 column to the

3 column, you get the 5 column.

29. Find the dividend (the product) in the interior of the
table in the row or column of the divisor (a factor); then
read the quotient (the other factor) from the row or column
that forms the intersection at that product.

Answer for Exercise 14
120 59

(a2) Egyptian oNnnN

(b) Babylonian < (

A e

(c) Roman CXX LIX
(d) Mayan —
> —_—
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30. (a) The first type of problem asks “How many
groups?” and the second asks “How many in one group?”
"The first type is acted out by removing a “bunch” ata
time; the second is dealing out one at a time, etc.  (b) They
each can be thought of as subtracting d (the divisor) over
and over again. Each represents separating into groups of
equal size, etc. 31. (a) The (g, ») pairs are: (0, 64),

1, 52), 2, 40), (3, 28), (4, 16), (5,4 (c) There could

be more than one possible quotient and remainder for a
given problem.

32. @@+ 6) +2;(10 + 15) + 5;(6 + 9) + 35

(14 + 49) = 7 (b) 2 and b must be multiples of ¢ because
of the restriction of whole number quotients for each divi-
sion expression. (c) The property is valid in the format in
(b) because of the whole-number quotient restriction.

35. Yes, it could be true, because with 7 candy dishes, the
size of the remainder can be greater.

37. All these sets except (a) are closed under multiplication.
38. False, consider {0, 1}. The set is finite and closed under
multplication.

39. (@) 0 +~ 4 = 0 because, for all whole numbers 4,

0 X a4 = 0. (b) 2 + 0 is undefined because no whole number
b exists such that b X 0 = g, unless 2 = 0 (see part ¢). *(c)
0 + 0 is undefined because no unique whole number 5
exists such that 4 X 0 = 0; every whole number could sat-
isfy this statement.

SECTION 2.4

3. (a) 586 = 5 hundreds squares, 8 tens sticks, 6 units
cubes  (b) 4392 = 4(1000) + 3(100) + 9(10) + 2(1) (¢)
2,864,071 = 2(10% + 8(10%) + 6(10% + 4(10°%) +
0(10% + 7(10" + 1(10% ’

9. One-to-one correspondence; generation of equivalent sets
14. See answers below.

15. (a) Hindu-Arabic has only 10 symbols, but Egyptian has
potentally infinitely many; Hindu-

Arabic has a symbol for zero, but Egyptian doesn’t; Hindu-
Arabic uses place value, but Egyptian doesn’t; Egyptian uses
tallying, but Hindu-Arabic doesn’t.
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