The Greatest Common Factor
and Factoring by Grouping 6 1

Recall the following diagram used to illustrate the relationship between
multiplication and factoring.

Multiplication

/—-__“\N_
Factors — 3+ 5 = 15 «— Product
I*\‘_____/

Factoring

A similar relationship holds for multiplication of polynomials. Reading the follow-
ing diagram from left to right, we say the product of the binomials x + 2 andx + 3
is the trinomial x2 + 5x + 6. However, if we read in the other direction, we can say
that x + 5x + 6 factors into the product of x + 2 and x + 3.

Multiplication

/"_"‘\‘
Factors — (x + 2)(x + 3) = x2 4+ 5x + 6 < Product
\-.,_.-/

Factoring
In this chapter we develop a systematic method of factoring polynomials.

In this section we will apply the distributive property to polynomials to factor
from them what is called the greatest common factor.

e DEF_liTION  greatest common factor

The gre.atest common factor for a polynomial is the Jargest monomial that
divides (is a factor of) each term of the polynomial.

£

B

i

We use the term largest monomial to mean the monomial with the greatest coef-
ficient and highest power of the variable.

. EXAMPLE 1 Find the greatest common factor for the polynomial:

3x% + 12x2 [ ]
SOLUTION The terms of the polynomial are 3x° and 12x2. The largest number that
divides the coefficients is 3, and the highest power of x that is a factor of x° and x>

is x*. Therefore, the greatest common factor for 3x° + 12x2 is 3x2 that is, 3x* is the
largest monomial that divides each term of 3x5 + 12x%

. EXAMPLE 2 Find the greatest common factor for:

8a3b? + 16a2b® + 20a°b®

SOLUTION 'The largest number that divides each of the coefficients is 4. The high-
est power of the variable that is a factor of a*b?, a2b’, and a*b? is a?b?. The greatest
common factor for 8a°b? + 16a2b* + 20a°b? is 4a”b”. It is the largest monomial
that is a factor of each term. &
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61 The Greatest Common Factor and Factoring by Grouping 303

SOLUTION The greatest common factor is 6xy. We rewrite the polynomial in
terms of 6xy and then apply the distributive property as follows:

613y — 18x%y2 + 12x)° = 6xy.- x* — 6xy * 3xy + bxy - 2y?
= 6xy(x? — 3xy + 2y%) &

. EXAMPLE 7 Factor the greatest common factor from:

3a%b — 6a°b* + 9a°b’
SOLUTION The greatest common factor is 3a*b:
3a2b — 6a3b* + 9a3b® = 3a2b(1) — 3a*b(2ab) + 3a’b(3ab?)
= 3a2b(1 — 2ab + 3ab?) [ ]

Factoring by Grouping

To develop our next method of factoring, called factoring by grouping, we start by
examining the polynomial xc + yc. The greatest common factor for the two terms
is ¢. Factoring c from each term we have:

xc+yc=c(x +y)

But suppose that ¢ itself was a more complicated expression, such as a + b, so
that the expression we were trying to factor was x(a + b) + y(a + b), instead of
xc + yc. The greatest common factor for x(a + b) + y(a + b) is (a + b). Factoring
this common factor from each term looks like this:

x(a+b)+y(a+b]=(a+b)(x+y)
To see how all of this applies to factoring polynomials, consider the polynomial
xy+3x+2y+6

There is no greatest common factor other than the number 1. However, if we group
the terms together two at a time, we can factor an x from the first two terms and a
2 from the last two terms:

xy+3x+2y+6=x(y+3)+2(y+3)

The expression on the right can be thought of as having two terms: x(y + 3) and
2(y + 3). Each of these expressions contains the common factor y + 3, which can
be factored out using the distributive property:

ﬂy+ﬂ+2@+3%=@+ﬂ&+2)

This last expression is in factored form. The process we used to obtain it is called
factoring by grouping. Here are some additional examples.

BETEEEN  Factorax + bx + ay + by.

SOLUTION We begin by factoring x from the first two terms and y from the last
two terms:

ax+bx+ay+by=?x(a+b)+y(a+b)
=(a+b(x+y)

To convince yourself that this is factored correctly, multiply the two factors
(a + b) and (x + ). ]
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Problem Set 6.1 305 f”

Factor the following by taking out the greatest common factor.

1. 15x+25 2. 14x + 21
3. 6a+9 4. 8a + 10
5. 4x — 8y 6. 9x — 12y
7. 3x* —6x—9 8. 2x2+ 6x + 4
9. 3a2 — 3a — 60 10. 24% — 18a + 28
11. 24y* — 52y + 24 12, 18y% + 48y + 32
13. 9x2 — 8x° 14, 7% — 4x?
15, 13a% — 264 16. 5a* — 10a°
17. 21x%y — 28xy” 18. 30xy? — 25x%y
19. 224%b* — 11ab? 20, 15x3 — 25x% + 30x
21. 7% + 21x2 — 28x 22, 16x* — 20x% — 16x
23, 121yt 11%* _ 24. 25a* — 5b
25, 100x* — 50x> + 25x7 26. 36x° + 72x> — 81x2
27. 8a* + 16b* + 32¢* 28, 9a? — 18b* — 27¢*
29, 4a2b — 16ab® + 32a*b? 30. 5ab? + 10a2b* + 15a%b
31. 121a%b* — 22a%b® + 33a°P 32. 20a%b® — 18a°b* + 22a%b*
33, 12x% — 72x°y% — 36x*y* 34, 49xy — 21x%y? + 35x°y°
Factor by grouping.

35. xy+5x+3y+15 36. xyt+2x+4y+38 37. xy + 6x + 2y + 12
38 xy+2y+6x+12 39 ab+7a—3b—21 40 ab+3b—7a—21
M. ax —bx+ay—by 42 ax—ay+bx—by . 2ax +6x—5a— 15
44, 3ax +21x—a—7 45.3xb—4b—6x+8 46. 3xb — 4b — 15x + 20
47, P +ax+2x+2a 48 xK*+ax+3x+3a 49 x*—ax—bx+ab
50. x? + ax — bx — ab

&

Factor by grouping. You can group the terms together two at a time or three at a
time. Either way will produce the same result.

51, ax+ay +bx+by+cx+cy 52. ax + bx + cx+ay +by+cy

Factor the following polyﬁomials by grouping the terms together two at a time.

53, 6x2+9x+4x+ 6 54, 6x2 —9x —4x+ 6

55. 20x% — 2x + 50x — 5 56. 20x% + 25x + 4x + 5
57. 20x% + 4x +25x + 5 58, 20x2 + 4x — 25x — 5
59, x> +2x*+3x+6 60. x> — 5x2—4x + 20

61. 6x° — 4x2 + 15x — 10 62, 8x% — 12x% + 14x — 21
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6.1 Problem Set 307

70. Biological Growth If there are B E. coli bacteria present initially in a petri dish
and their growth rate is r (a percent expressed as 2 decimal) per hour, then
after one hour there will be A = B + Br bacteria present.

a. Factor the right side of this equation.

b. The following bar graph shows the number of E. coli bacteria present ini-
tially and the number of bacteria present hours later. Use the bar chart to
find B and A in the preceding equation.

40,000
40,000 [ i

30,000 |-

20,000 [

E. coli Bacteria

10,000 |

Getting Ready for the Next Section

Multiply.

71. (x — 7)(x + 2) 72 (x —7)(x—2)

73. (x — 3)(x + 2) 74. (x+ 3)(x— 2)

75. (x +3)(x*—3x+9) 76. (x — 2)(x* + 2x + 4)
77. (2% + 1)(x* + 4x — 3) 78. (3x +2)(x* — 2x — 4)
79. 3x%(6x® — 4x* + 2x) 80. 2x*(5x3 + 4x? — 3x)

81. (x+%)(x+%) 82. (x+~};)(x+%)
83. (6x + 4y)(2x — 3y) (8a — 3b)(4a — 5b)
85. (9a+ 1)(9a—1) . (7b+1)(7b + 1)

87. (x —9(x—9) (x — 8)(x — 8)

89, (x +2)(x*—2x+4) L (x—3)(x*+3x+9)

88 88



Factoring Trinomials

Note: Asyou will see as

we progress through the book,
factoring is a tool that is used in

. solving a number of problems.

. Before seeing how it is used, .
i however, we first must learn how |

| to doit. So, in this section and
| the two sections that follow, we

i will be developing our factoring
¢ skills.

Note: Again, we can check | '

| our results by multiplying our
| factors to see if their product is
. the original polynomial.

In this section we will factor trinomials in which the coefficient of the squared
term is 1. The more familiar we are with multiplication of binomials the easier
factoring trinomials will be.

Recall multiplication of binomials from Chapter 5:

(x+3)(x+4)=x*+7x+ 12
(x—5)(x+2)=x*—3x—10
The first term in the answer is the product of the first terms in each binomial.
The last term in the answer is the product of the last terms in each binomial. The
middle term in the answer comes from adding the product of the outside terms to
the product of the inside terms.
Let’s have a and b represent real numbers and look at the product of (x + a) and
(x + b):
(x + a)(x + b) = x> + ax + bx + ab
=x*+(a+ bx+ab
The coefficient of the middle term is the sum of @ and b. The last term is the prod-
uct of a and b. Writing this as a factoring problem, we have:
2+@+bx+ ab =(x+ax+Dbh)
Sum Product

To factor a trinomial in which the coefficient of x? is 1, we need only find the num-
bers a and b whose sum is the coefficient of the middle term and whose product is
the constant term (last term).

BETEEEN Foctor «* + 8x + 12,

SOLUTION The coefficient of x? is 1. We need two numbers whose sum is 8 and
whose product is 12. The numbers are 6 and 2:

24+ 8x+12=(x+6)(x+2)
We can easily check our work by multiplying (x + 6) and (x + 2)
Check: (x+6)(x+2)=x*+6x+2x+ 12
=x2+ 8x + 12 a8

BEREEEE roctor ¢ - 2x - 15.

SOLUTION The coefficient of x? is again 1. We need to find a pair of numbers
whose sum is —2 and whose product is —15. Here are all the possibilities for prod-
ucts that are —15.

Products Sums
-i(15)=—-15 = ~1+15=14
1(-15)=—45 _  1+(-13="14

f5(3)_=-*15_ —5_+3=f2

| 5(<3)=-15  5+(-3)=2
L_ o e » "

The third line gives us what we want. The factors of x2 = 2x — 15 are (x — 5) and
(x + 3):

2 —=2x—15=(x—5)x+3) (7]
309
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| Problem Set 6.2

amn

Factor the following trinomials.

1. 24+ 7x+ 12
3. x2+3x+2
5. a’+ 10a + 21
7. x> —7x+ 10
9. y* — 10y + 21
M. x2—x—12
13 ¥y —12
15, x* + 5x — 14
17. r* —8r—9
19, x* — x— 30
21. g%+ 15a + 56
23. y2—y—42
25. x* + 13x + 42

2
4,
6
8
10.
12,
14,
16.
18.
20.
22,

24,
26.

. x2+ 7x+ 10
2+7x+6
. a*—T7a+ 12
=3+ 2
=7y +6
x2—4x—5
¥+ 3y — 18
x? —5x — 24
e ]
x2+ 8x+ 12
a’ — 9a + 20
yr+y—42
x? — 13x + 42

Factor the following problems completely. First, factor out the greatest common
factor, and then factor the remaining trinomial.

27. 2x2 + 6x+ 4

29. 3a® — 3a — 60

31. 100x2 — 500x + 600
33. 100p? — 1,300p + 4,000
35. xt — X3 — 12x%

37. 213 + 4r2 — 30r

39. 2% — 6)° — 8y?

. x° + 4xt + 4x®

43. 3y* — 12 — 1557

45, 4x* — 52x° + 144x*

Factor the following trinomials.

47. x* + 5xy + 6y*
49. 32 — 9xy + 20y?
51. g + 2ab — 8b%
53. a* — 10ab + 25b*
55. a*> + 10ab + 25b*
57. x? + 2xa — 48a*
59, x2 — 5xb — 36b?

28.
30.
32,
34.
36.
38.
40.
42.
44,
46.

x> —6x—9

202 — 18a + 28

100x% — 900x + 2,000
100p* — 1,200p + 3,200
xt— 11x3 + 24x2

5¢% + 4572 + 100r

3 — 3r2 —6r

%+ 13x% + 42%°

5y% — 10y* + 5)°

3x? — 3x% — 18x

x2 — 5xy + 6y?

[ X HRRpA 20
52.
54.
. a? — 6ab + 9b*
58.
. x2 — 13xb + 36b%

a? — 2ab — 8b?
a® + 6ab + 9b?

x* — 3xa — 10a*
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,, Note: Remember, we can
| always check our results by mul-
| tiplying the factors we have and

! comparing that product with our |

. original polynomial.

‘More Trinomials to Factor 6.3 [

We will now consider trinomials whose greatest common factor is 1 and whose
leading coefficient (the coefficient of the squared term) is a number other than 1.

Suppose we want to factor the trinomial 2x2 — 5x — 3. We know the factors (if
they exist) will be a pair of binomials. The product of their first terms is 2x* and
the product of their last term is —3. Let us list all the possible factors along with
the trinomial that would result if we were to multiply them together. Remember,
the middle term comes from the product of the inside terms plus the product of
the outside terms.

Binomial First Middle Last
Factors Term Term Term
(2x—3)(x+ 1) 2. —x =3
@x+3x-1 28 +x =3
(x-1)(x+3) 28 45 =3
x+1)(x—3) 2% ~5% =3
’& £

We can see from the last line that the factors of 2x* — 5x — 3 are (2x + 1) and
(x — 3). There is no straightforward way, as there was in the previous section, to
find the factors, other than by trial and error or by simply listing all the possibilities.
We look for possible factors that, when multiplied, will give the correct first and last
terms, and then we see if we can adjust them to give the correct middle term.

- EXAMPLE 1 Factor 6@ + 7a + 2.

SOLUTION We list all the possible pairs of factors that, when multiplied together,
give a trinomial whose first term is 6a? and whose last term is +2.

Binomial First Middle Last

Factors Term Term Term
(6a+1)a+2) 6a°  +l13a  +2
(6a—l)@a=-2) 64  —13%a  +2
(Ga+2)2a+1) 622  +7a  +2

(Ga-2)2a—1) 6a* ~7a +2

5 - ; =

The factors of 6a% + 7a + 2 are (3a + 2) and (2a + 1).
Check: (3a + 2)(2a + 1) = 6a*> + 7a + 2 )

Notice that in the preceding list we did not include the factors (6a + 2) and
(a + 1). We do not need to try these since the first factor has a 2 common to each
term and so could be factored again, giving 2(3a + 1)(a + 1). Since our original
trinomial, 6a? + 7a + 2, did not have a greatest common factor of 2, neither of its
factors will.

313




L (A7 — Xg)(A + xT)s =
(AT — X — x9)AG = AQT — AxG — Ax0¢
:AG ST 10)08] UOWIWIOD 18218213 YL, NOILNTOS

01 — x5 — dxo¢ 0ves  [JEEREITCElID

# (€ + 42)(T — Ae)Mz =
(9 — 4G + AT = AT1 — A01 + AT1

:s1 wajqoad a3e[dwos sy, 's10358] 1921100 24 $2AIS 2UT] PUO3S YT,

Aee+ (9 + (1 - 49)

e e L G- AE)
A5+ (¢ + 42)(z — 4¢)
e

paldiin usuymm siojoe4

uus] epPIA 8|qIssod

"SULI9) S[PPTW PIJBIDOSSE 3] YIim SUO[e ‘9 —
WI12) JSB] PUE ,AQ ULId) 1SITJ AY) YIIM [ETIOULT) © JO $1030%] 3[qissod [[e IST[ MOU I

(9 — 45 + AT = ATT — A01 + AT1
:A7 1015} UoWWIOD Js9)ea1d a1y Jno Jurroloe] 4q urdaq ap  NOILNTOS

71 — A0t + Az1 10000 ([JEEREINZET I

‘11 18 poog aq jsnwi no4 pue oo} juejrodurt
A13A ® ST SUTI0]0B] "3sN PMOYS NOA poYlaw 3y} ST NOA 10] 159q SAIOM JIASIBYM
'sanqqrssod se $1030e] awI0os SUNBUTWIS JO WA)SAS & $s0Ide aurod Aew noA 10 Kem
a1y Suore sindj10ys swos dn yoid [ NOY '$10J08f 1931100 ) 103 [[IM NOA 191s8) )
‘erwoutn jo 2d4y sty Suriojoey je aaey nod 2onoeid 10w 2} eyl puy [[IM NOX

8 € =% = =(1—%)(€+ %) 2PoYD
(1 — x) pue (¢ + XF) 218 81010B] 3} JeY[] SMOYS 2UI] PIIY) YL
| f= W+ M (E+¥)0-x) |
A, 2y (€30 +x)
£ . 2y (0 +x)(E—) |
&= xX= & 0-NE+")
4 F R AL LS oL AN | b S
4 £— AT & (=21 +3) |
4 i Wwia] s wia] s10}0e4

BT 8IPPIN isiid [elwoulg

"¢ — ST TII3] JSB] 9SOUYM PUE ,XF ST ULId) 1S 350UYM
= 3 [erwoutn) e 2a13 ‘paridnnur uaym ey s101oej apqissod ayj e 1T 3\ NOILNTOS

¢ —x—po0ed  ([JEEREINZETID

*T UBY[} IO ST T JT 10108 UOUI f
w0 3s31318 a1} N0 10108] 0]

s1 wajqoid Suriojoe; Aue ut days
js1yj o) ‘uteSe DUQ U7 LON

; Buuooed 9 HIIdYHO

vie




6.3 More Trinomials to Factor 315 B

. EXAMPLE 5 A ball is tossed into the air with an upward velocity of 16 ]|
feet per second from the top of a building 32 feet high. The equation that gives the
height of the ball above the ground at any time £ is

Factor the right side of this equation and then find h when £ is 2.

SOLUTION We begin by factoring out the greatest common factor, 16. Then, we
factor the trinomial that remains:

h =32+ 16t — 168

h =32+ 16t — 1682
h=16(2 +t— %)

h=162—-0(1t 1) Letting t = 2 in the equation, we have
h=16(0)(3)=0 |
When tis 2, his 0. [ ] :
!_
: GETTING READY FOR CLASS

After reading through the preceding section, respond in your own words

| _and in complete sentences.

A What s the first step in factoring a trinomial?

B. Describe the criteria you would use to set up a table of possible

factors of a trinomial.

C. What does it mean if you factor a trinomial and one of your fac-

tors has a greatest common factor of 32

D. Describe how you would look for possible factors of

1}

G4+ 7a+ 2.
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6.3 Problem Set 317

Applying the Concepts

61. Archery Margaret shoots an arrow into the air. The equation for the height (in

feet) of the tip of the arrow is:
h=8+ 62t — 16t

Factor the right side of this equation. Then fill in the table for various heights
of the arrow, using the factored form of the equation.

Time t
(seconds)

Height h
(feet)

62. CoinToss At the beginning of every football game, the referee flips a coin to

see who will kick off. The equation that gives the height (in feet) of the coin
tossed in the air is:

h =6+ 29t — 16t

a. Factor this equation.

b. Use the factored form of the equation to find the height of the quarter
after 0 seconds, 1 second, and 2 seconds.

63. Constructing a Box Yesterday I was experimenting with how to cut and

fold a certain piece of cardboard to make a box with different volumes.
Unfortunately, today I have lost both the cardboard and most of my notes.
I remember that I made the box by cutting equal squares from the corners
then folding up the side flaps:

I don't remember how big the cardboard was, and I can only find the last
page of notes, which says that if x is the length of a side of a small square (in
inches), then the volume is V = 99x — 40x* + 453,

a. Factor the right side of this expression completely.
b. What were the dimensions of the original piece of cardboard?

. Constructing a Box Repeat Problem 63 if the remaining formula is
V = 15x — 16x2 + 4x°.
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