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How does a business make decisions about how many units of their products to produce in
order to make a profit? Suppose you were a manufacturer of graphing calculators. Your
fixed or start-up cost is, let’s say, $10,000. Before you produce a single calculator, you are
already spending money! Now let’s assume each calculator costs you $50 to manufacture.
What is the average cost to you of producing your first hundred calculators? What formula

i

will give you the average cost of the first x calculators?
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Chapter 5 = Rational Functions and Conic Sections m

gers.) We will assume that the polynomials P(x) and Q(x) have no common fac-
tors, and we will call such a rational function irreducible. (Show that P(x) and
O(x) have no common zeros.) We will also assume that Q(x) is of degree 1 or
higher. (If Q(x) were of degree 0, it would actually be a constant; hence f(x)
would be a polynomial.)

Domain and Intercepts

Since P(x) and Q(x) are polynomials, they are both defined for all real values of
x. The function f can have “problems” only where the denominator is zero.
Consequently, the domain of f consists of all real numbers except those for
which Q(x) = 0.

To find the y-intercepts of the function f, set x equal to 0 and evaluate y =
£(0). Should Q(0) = 0, then £(0) is undefined and there are no y-intercepts. (f(x)
has at most one y-intercept.)

To find the x-intercepts, we note that y = f(x) can be 0 only if the numer-
ator P(x) is zero. Therefore, the x-intercepts correspond to the roots of the poly-
nomial equation P(x) = 0. Since we have assumed that f is irreducible, if 7 is
such that P(r) = 0, then O(r) # 0. In other words, P(x) and Q(x) have no com-
mon Zzeros.

EXAMPLE 1 DOMAIN AND INTERCEPTS
Find the domain and intercepts of each irreducible rational function.
x+1 x? + 222 — 3x %2 =9
. - b. = T . b(x) =
2. flel="—— 8(x) 2 c. hlx) = 57—
SOLUTION
a. The denominator is 0 when x = 1. Thus, the domain of fis the set of all real
numbers except x = 1.
To find the y-intercept, we set x = 0 and find y = f(0) = —1. To find the
x-intercepts, we set the numerator equal to 0 and find that y = f(x) = 0

when x = —1. Summarizing, the y-intercept is (0, —1), and the x-intercept
is (—1, 0).
b. The denominator is 0 when x = 2 and when x = —2. The domain of g is

then the set of all real numbers except x = *2.
To find the y-intercept, we set x = 0 and find y = g(0) = 0. To find the x-
intercepts, we set the numerator equal to 0 and find that
x*+2x* = 3x =0
x(xt+2x—-3)=0

x(x=1)x+3)=0
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Chapter 5 = Rational Functions and Conic Sections ﬂ

Domain: The denominator is 0 when x = 0. Thus, the domain of f is the set of

SOLUTION

all real numbers except x = 0.
Intercepts: There are no x-intercepts or y-intercepts.

Symmetry: The graph of f is symmetric with respect to the y-axis since the
equation remains unchanged when x is replaced by —x. Therefore, we only
need consider positive values of x. We sketch the graph of y = ;IE as shown
in Figure 2.

Asymptotes

The graphs in Figure 1 and Figure 2 illustrate an important concept: the graphs
appear to approach specific horizontal and vertical lines without ever touching
them. Such lines play an important role in the graphs of many functions, and
we may define them in the following intuitive way.

A line is said to be an asymptote of a graph if the graph gets closer
and closer to the line as we move farther and farther out along the line.

Note the behavior of the graphs in Figures 1 and 2 as x gets closer and clos-
er to 0. Both graphs approach the y-axis, and we say that the line x = 0 (the y-
axis) is a vertical asymptote for each graph. Similarly, as | x| gets extremely
large, both graphs approach the x-axis, and we say that the line y = 0 (the x-
axis) is a horizontal asymptote for each graph.

EXAMPLE 4 USING ASYMPTOTES IN GRAPHING

Sketch the graph of the rational function

SOLUTION

If we compare F(x) = ';“__'Zj' with the function from Example 2, f(x) =

x> We

see that
F(x) = flx — 1)

From Section 3.3, we may observe that the graph of F(x) is that of f(x) shifted
1 unit to the right, as shown in Figure 3. Note that the vertical asymptote has
also been shifted or translated 1 unit to the right. (Shifting the graph to the right
or left leaves the horizontal asymptote unchanged.)
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Chapter 5 = Rational Functions and Conic Sections ﬂ

Vertical Asymptote Theorem
The graph of the rational function

has a vertical asymptote at x = r if 7 is a real root of Q(x) but not
of P(x).

EXAMPLE 6 VERTICAL ASYMPTOTES

Find the vertical asymptotes of the function

2
flo) = 2 = Dol s agee
SOLUTION
Factoring the denominator, we have
_ 2
x(x+ 1)(x - 3)
Therefore, x = 0, x = —1, and x = 3 are the vertical asymptotes of f(x).

To find the horizontal asymptotes of a function, we must examine the behav-
ior of that function as x approaches ® and as x approaches —, that is, as | x|
increases without bound. Recall the expression

k

xﬂ
where k is a constant and # is a positive integer. This expression becomes very
k
small as |x| becomes very large. In other words, - approaches 0 as | x|
approaches .

EXAMPLE 7 HORIZONTAL ASYMPTOTES

Find the horizontal asymptotes of the function

flx) = 2

x3 — 2x2 — 3x

SOLUTION

If we factor out x> from the denominator, we have

2 1
= x3(1—%-—3-) :(;2?)( 1—%— s )

x2 x2

As | x| approaches «, the terms -xz—g-, ~—~i~, and —;3-2- approach 0. Therefore, f(x)
approaches 0 as |x| approaches o; and hence, y = 0 is the only horizontal
asymptote.
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FIGURE 6 Graph of f(x) =
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x(x + 1)(x — 3)

EXAMPLE 9 HORIZONTAL ASYMPTOTES

Find the horizontal asymptotes of the function

SOLUTION

w PR
fx) Ix2+2x—4

We illustrate the steps of the procedure as follows:

Horizontal Asymptotes ' '

Step 1. Factor out the highest power of x found
in the numerator, and factor out the high-
est power of x found in the denominator.

Step 2. Since we are interested in large values of
| x|, we may cancel common factors in
the numerator and denominator.

Step 3. As |x| increases, terms of the form £
approach 0 and may be ignored.

Step 4. If f(x) approaches some number ¢, then y
= ¢ is a horizontal asymptote. Otherwise,
there is no horizontal asymptote.

P AT o) 3 5 T TV RIS = 1 Vs S e e o e thiemat A Sl et BB TR ]

Step 1. ) 5
_ xl[z “—z)
flx) = X
g ndeh
x (3 + = xZ)
Step 2. 5
Y
flx) = - , xz0
2 4
3+
X x

Step 3. The terms —=x, = and — approach 0 as
| x| approaches .

Step 4. Ignoring these terms, we have y = % as the
horizontal asymptote.

EXAMPLE 10 HORIZONTAL ASYMPTOTES

Find the horizontal asymptotes of the function

23+ 3x -2
o) ===—373
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Chapter 5 m Rational Functions and Conic Sections 329

Sketching Graphs

We now summarize the information that can be gathered in preparation for

sketching the graph of a rational function:
* symmetry with respect to the axes and the origin

e x-intercepts, y-intercepts
I

e vertical asymptotes |

horizontal asymptotes

brief table of values including points near the vertical asymptotes

EXAMPLE 11 GRAPHING RATIONAL FUNCTIONS

Sketch the graph of
2

flx) = =%

x2—1

SOLUTION

Symmetry: Replacing x with —x results in the same equation, establishing sym-
metry with respect to the y-axis.

Intercepts: Setting x = 0, we obtain the y-intercept y = 0. Setting y = fix) =0
yields the x-intercept x = 0. Therefore, the point (0, 0) is both the x- and
y-intercept.

Vertical asymptotes: Setting the denominator equal to zero, we find thatx = 1
and x = —1 are vertical asymptotes of the graph of f.

Horizontal asymptotes: We note that

flo) = -—,
(x) xl(l_;lz) 1__15 X

As |x| gets larger and larger, :213 approaches 0 and the values of f(x) approach
1. Thus, y = 1 is the horizontal asymptote.

We determine the critical values of f(x) to be 0 and = 1. Our analysis of the
behavior of f(x) in the various intervals yields

+ | =1 =1 +

Following the technique used in Example 8 and plotting a few points, we sketch
the graph in Figure 7.
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FIGURE9 Graph of

flx) =

xt—1

x=1

Chapter 5 = Rational Functions and Conic Sections 331

Reducible Rational Functions

We conclude this section with an example of a reducible rational function, that is,
one in which the numerator and denominator have a factor in common other than
a constant. Reducible rational functions are often used to illustrate functions that

have “holes” in their graphs. Such functions are not continuous at these holes.

EXAMPLE 12 GRAPHING REDUCIBLE RATIONAL FUNCTIONS
Sketch the graph of the function

x2—1
f(x) -
SOLUTION
We observe that
f(x)zxz—lz(x+1)(x—1):x+1, x;kl

x—1 x—1

Thus, the graph of the function f(x) coincides with the line y = x + 1, with the
exception that f(x) is undefined at x = 1. We sketch the graph of f(x) in Figure 9.

In discussing graphs and their asymptotes, we did not consider the possi-
bility of an oblique, or slanted, asymptote. This is an asymptote that is neither
horizontal nor vertical. A rational function has an oblique asymptote if the

degree of the numerator is one more than the degree of the denominator.
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Chapter 5 m Rational Functions and Conic Sections

(@) f(x =+, —10 <X <10, (b) g(x) = &, —10< X <10,
~10<Y <10, XSCL = 1, YSCL =1 ~10<Y <10, XSCL = 1, YSCL = 1

FIGURE 11 Graphs of Rational Functions

Vertical asymptotes pose the greatest difficulty for the graphing calculator.
Consider the function

flx) =

x—1

from Example 11 shown in the two viewing rectangles of Figure 12. The asymp-
totes seem to be included in the graph in the default viewing rectangle. This hap-
pens because the calculator has not tried to evaluate f(x) at x = =1 and does not
“know” that the function is undefined for these values. In the process of con-
necting the points that have been plotted, the calculator scems to draw the
asymptotes. Graphing in a “point plotting” mode eliminates the asymptotes in

this viewing rectangle, but it does not necessarily result in a better representation.

(a) TENS Viewing Rectangle, (b) EQUAL Viewing Rectangle,
XSCL=1,YSCL=1 XSCL=1,YSCL=1

FIGURE 12 Graph of f(x) = xzx-z1

For this example, the EQUAL viewing rectangle presents a good represen-
tation of the function without drawing the asymptotes. It is the responsibility of
the user to determine that this function has vertical asymptotes at x = *1.
However, the function
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