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complete representation of the function. Be sure
that your viewing rectangle is large enough to
indicate the asymptotic behavior of the functions.
You may not always be able to show all of the
important behavior of the function in one viewing
rectangle. (See the Graphing Calculator Power
User’s Corner in Section 4.2.)

7. flr) = —1 8. ftr) =%
o fw =ty 10 =g
11. flx) = (Hl”z 12. flx) = x;jl
13. flx) = fl_*—% 14. flx) = = i >
2
15. flx) = %;__*41_
16. flx) = x_z%
17. flx) = _23%-2:—6 18. flx) = ’;:;21
2
21, fla) = T

In Exercises 22-27, determine the domain and
sketch the graph of the reducible function.
Furthermore, determine appropriate WINDOW
values, and check your answer using your graph-
ing calculator. Choose the viewing rectangle care-
fully to display the “holes.” (Select the x-values
from some multiple of the EQUAL viewing rec-
tangle and choose appropriate y-values.)

22. flx) = _’i:_zls_

2x — 10
2x% — §
23, =
flx) x+2
2x2 + 2x — 12
24, == & =
flx) T

x4+ 2x-—8
25 = et 8

x+ 2
x2—x—6

2x

27. flx) = g

26. flx) =

In Exercises 28 and 29, f(x) = (5[(?; is an irre-

ducible rational function. Provide a proof for the
stated theorem.

28. If the polynomials P(x) and Q(x) are of the
same degree, then there is a horizontal
asymptote y = k, where k is the ratio of the
leading coefficients of P(x) and Q(x).

29. If the degree of P(x) is less than the degree of
O(x), then there is a horizontal asymptote at
y = 0.

30. Suppose you are a manufacturer of graphing
calculators. Your fixed or start-up cost is
$10,000. Each calculator costs you $50 to
manufacture.

a. What is the average cost to you of produc-
ing your first 100 calculators?

b. What formula will give you the average
cost of the first x calculators?

31. The average cost of producing 7 units of a
product is given by
A(n) = Cln)
H

Given the cost function

C(n) = 0.01#° — 0.1#% + 100% + 1000
find

a. The average cost of producing # units

b. The average cost of a function of x, if the
number of units produced is 7 = x — 2

c. GRAPH the average cost formulas you
found in parts a and b, and use the graphs
to determine when the cost is increasing or
decreasing. (You will need to find an
appropriate viewing WINDOW.)
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or
(x = b2+ (y— kP =17

Since P(x, y) is any point on the circle, we say that

Standard Form of the Equation of a Circle .
e hF+ by = k=

is the standard form of the equation of the circle with center (b, k)
and radius 7.

Note the special case of
x?. 4+ y?. - ?,.2
which is the equation of the circle of radius 7, centered at the origin.

EXAMPLE 1 FINDING THE EQUATION OF A CIRCLE

Write the equation of the circle with center at (2, —5) and radius 3.
SOLUTION
Substituting b = 2, k = —S5, and # = 3 into the equation
=B+ AP S
yields
(x=2P+@+5P=9
EXAMPLE 2 FINDING THE CENTER AND RADIUS OF A CIRCLE
Find the center and radius of the circle whose equation is
(x+ 12+ =3 =4
SOLUTION
If we compare this equation with the standard form
(= P4~
we have
h=-1 k=3 r=2

The center is at (—1, 3), and the radius is 2.
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{x—3)2+(y+4}2z§i1—

This is the standard form of the equation of the circle with center at (3, —4) and
radius

EXAMPLE 4 STANDARD FORM OF THE EQUATION OF A CIRCLE
Write the equation 3x? + 3y — 6x + 15 = 0 in standard form.

SOLUTION
Regrouping, we have

3(x2 — 2x) + 3y = —15
We then complete the square in x and y:

3x2—-2x+1)+3y2=—-15+3
3x—12+3y2 = —12
b s

Il

Since #2 = —4 is impossible, the graph of the equation is not a circle. (Note that
the left-hand side of the equation in standard form is a sum of squares and hence
nonnegative. However, the right-hand side is negative.) Thus, there are no real
values of x and y that satisfy the equation. This is an example of an equation that
does not have a graph.

EXAMPLE 5 STANDARD FORM OF THE EQUATION OF A CIRCLE

Find an equation of the circle that has its center at C(—1, 2) and that passes
through the point P(3, 4).

SOLUTION

Since the distance from the center to any point on the circle determines the
radius, we can use the distance formula to find

r=PC = V20

e T

—4 | 1
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To display the circle Ax? + Ay* + Dx + Ey + F = 0 on your graphing cal-
culator, use the quadratic formula to solve for y and GRAPH

—E +VE. - 4A(AX" + Dx + F).
"= 24

For example, we display in Figure 17

—16 +/256 — 8(2x% — 12x ~ 81)
y= 7

e —16 — +/256 — B(2x% — 12x - 31)

4

FIGURE 17 Graph of 2x? + 2y*> — 12x + 16y — 31 = 0, XSCL = 4, YSCL = 4

2x2 4+ 292 — 12x + 16y — 31 =0

That is, we GRAPH
~16 + V256 — 822" —12x — 31)
y == 4
and
~16—-V256 — 8(2x* — 12x — 31)
y =
4

in the viewing rectangle that is four times the EQUAL viewing rectangle.
(Compare this with the default viewing rectangle.)

Your calculator may have a DRAW feature which will enable you to draw
a circle by entering the vertex and the radius, as illustrated below:

: Circle(—‘i ,3,4)

Graph of (x+1)2+ (y—-3)2=4
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42.

43.

- Exercises 44 and 45 relate to the Graphing
i | Calculator Power User’s Corner on “Graphing

Circles.”

44,

45.

46.

Chapter 5 = Rational Functions and Conic Sections “

The two points (—2, 4) and (4, 2) are the 47. Convert your solution to Exercise 46 to stan-
endpoints of the diameter of a circle. Write dard form, and state the center and radius of
the equation of the circle in standard form. the circle.

The two points (3, 5) and (7, —3) are the 48. Find the equation of the path of a satellite in
endpoints of the diameter of a circle. Write a circular orbit 250,000 miles above a planet
the equation of the circle in standard form. whose radius is 75,000 miles.

Why are the circles not round in the default
viewing rectangle? Can you always find a
viewing rectangle to make a circle appear
round, and if so, how? If not, why not?

Why do the top and bottom halves of the cir-
cles not meet in some viewing rectangles? Can
you always find a viewing rectangle to make
them meet, and if so, how? If not, why not?

Use simultaneous equations to determine the
equation of the circle passing through the
points (1, 2), (—1, 2), and (0, 3), given that
the general form of a circle is

Ax*+ Ay* + Dx+ Ey+F=0, A#0

5.3 The Parabola

We begin our study of the parabola with the geometric definition:

Definition of a Parabola
A parabola is the set of all points in a plane that are equidistant from
a given point and a given line, both in the plane. The given point is
called the focus, and the given line is called the directrix.

In Figure 18, all points P; on the parabola are equidistant from the focus F
and the directrix D; that is, PF = P,Q;. The line through the focus that is per-
pendicular to the directrix is called the axis of the parabola. This line is also called
the axis of symmetry since the parabola is symmetric with respect to it. The point
V in Figure 18, where the parabola intersects its axis, is called the vertex of the
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Squaring both sides,
s2tyf— Dpy P = P+ 2py PP ‘
x? = 4py

We have obtained one form of the equation of the parabola.

Standard Form of the Equation of a Parabola with !
Vertical Axis and Vertex (0, 0)

_ x* = 4py
The focus is at (0, p). |

Conversely, it can be shown that the graph of the equation x* = 4pyisa parabo-
la. Note that substituting —x for x leaves the equation unchanged, verifying
symmetry with respect to the y-axis. If p > 0, the parabola opens upward as
shown in Figure 19(a), whereas if p <0, the parabola opens downward, as
shown in Figure 19(b).

EXAMPLE 1 FINDING SOME CHARACTERISTICS OF A PARABOLA

Determine the focus and directrix of the parabola x> = 8y, and sketch its graph.

SOLUTION

The equation of the parabola is of the form

x* = 4py = 8y

so p = 2. The equation of the directrix is y = —p = —2, and the focus is at (0, p)
= (0, 2). Since p > 0, the parabola opens upward. The graph of the parabola is
shown in Figure 20.

FIGURE 20 Graph of x> = 8y
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Focus with a Paraholic Shape

The properties of the parabola are used in the design of some important devices.
For example, by rotating a parabola about its axis, we obtain a parabolic reflec-
tor, a shape used in the headlight of an automobile. The light source (the bulb)
is placed at the focus of the parabola. The headlight is coated with a reflecting
material, and the rays of light bounce back in lines that are parallel to the axis
of the parabola, permitting a headlight to disperse light in front of the automo-
bile where it is needed.

Telescope

A reflecting telescope reverses the use of these same properties. Here, the
rays of light from a distant star, which are nearly parallel to the axis of the
parabola, are reflected by the mirror to the focus. The eyepiece is placed at the
focus, where the rays of light are gathered.

Note that substituting —y for y leaves this equation unchanged, verifying sym-
metry with respect to the x-axis. If p >0, the parabola opens to the right as
shown in Figure 21(a); but if p < 0, the parabola opens to the left as shown in
Figure 21(b).

1 4 4 |
x=-p| |
| ]
I 1
I 1
ll : X==p
| |
! 0.0) (p.0) (o) w00 !
! F x F | X
! :
Qfp, yyo———F—3Px Y e Q-p, )
| P(x, ¥) !
: !
Directrix D Directrix D
(a) p>0 (o) p<0

FIGURE 21 Deriving the Equation of a Parabola




‘suado ejoqered oY1 YOIYM UI UOTIIIIIP Y} SIUIULINAP ¢ JUBISUOD A3 JO ugs
3y ‘sased e ur ‘snyf], ‘A[sno1sa1d paatiap am suonenba Y3 JB JAIITE 9M pUE ‘()
= ¥ = 4 uad ‘urduo ay3 st (¥ ‘g) aurod 21 J1 3BY1 2I0N] ' 9[qB[, Ul paZLIeuwIuuns
T SuOmENIS Y| "SIXe-L Y3 01 10 SIXEe-X 3y 03 [d[[eIed s1 ejoqered 2yl Jo SIXE
a3 1oyraym uo spuadap uonenbs a3 jo w0y Ay [ (¥ ‘¢) urod Lreniqie awos
JE ST X21394 93 uaysm ejoqered e jo uonenba ue JuruIIAIap 03 a[qissod os[e st 3]

(1 y) 3e xa3i1oA

(4
x'-6—'~— = xd{, = z/{
st ejoqered ay3 jo uonenba oyl pue
4
i
(T=)dy = «(€)
xdp = A

‘sny, "ejoqered a1 yo uonenba ay1 Aspes asnw Jutod
SIJ3 JO $IBUIPI00D 31 0s (¢ “7—) utod a3 ySnoiys sassed ejoqered oy, ‘xdy
= . st ejoqered ays Jo uonenba oy ‘sixe-x ay st goqered Y1 JO SIXE Y3 OUIG

NOILNTOS

‘(¢ ‘g—) urod ay3 ySnoxya sassed pue ((
€0) 18 X3119A SII ‘SIXE-X Y3 SE SIXE S3I Sey Jey3 ejoqesed ay jo uonenba a1 pury
V108YHVd V 40 NOLLVADI FHL ONIGNH ¥ ITdINVYX3

X7— = Xdp = A
uay st ejoqered ay3 jo uonenba ay ], C_ = dos‘d— = x st X1moamp Y
1

NOLLNT0S

C—x X1130911p pue (( Q) 38 X21194 Yum ejoqered ayp jo uonenba ay1 purg
[ V108VEVd ¥ 40 NOLLVND3 FHLONIGNH € FTdINVXE

SUOI109G 91U07 PUB SUOIOUNS [euolley = G J9ydeyd m



(x — )2 = 4p(y — k)

(y — k) = 4p(x — h)

Chapter 5 = Rational Functions and Conic Sections m

Furthermore, an equation of a parabola can always be written in one of the

standard forms shown in Table 1.

TABLE1 Standard Forms of the Equation of a Parabola with Vertex (b, k)

Axis Directix Direction of Opening
x=h y=k—p Upifp>0
Down if p <0
y=k x=h-p Right if p >0
Leftif p <0

’

Note that these changes in the equations of the parabola are similar to the
change that occurs in the equation of the circle when the center is moved from
the origin to a point (b, k). In both cases, x is replaced by x — b and y is replaced
by y — k.

EXAMPLE 5 FINDING SOME CHARACTERISTICS OF A PARABOLA

Determine the vertex, axis, and the direction in which the parabola opens.

LY - 3+ 4
(x "?:)— (y+ 4)

SOLUTION

Comparison of the equation with the standard form
(x — b)* = 4p(y — k)

yields b = %, k=—4,andp = —%. The axis of the parabola is found by setting

'k

x.'—-"

the square term equal to 0.

o

b=

Thus, the vertex is at (b, k) = (-%, —4), the axis is x = %, and the parabola opens

downward since p < 0.

4
4
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Chapter 5 = Rational Functions and Conic Sections

351

(a) Graph of (y—1)2 = 2(x + 3) (b) Graph of (x—1)2=-2(y—1)

FIGURE 23 Graphs for Progress Check




